INVARIANT WEIGHTED WIENER MEASURES AND ALMOST SURE 
GLOBAL WELL-POSEDNESS FOR THE PERIODIC DERIVATIVE NLS. 
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Abstract. In this paper we construct an invariant weighted Wiener measure associated 
to the periodic derivative nonlinear Schrodinger equation in one dimension and estabhsh 
global well-posedness for data living in its support. In particular almost surely for data 
in a Fourier-Lebesgue space J^L'''^{T) with s > ^, 2 < r < 4, (s — l)r < —1 and scaling 
^ , like _ff2~'(T), for small e > 0. We also show the invariance of this measure. 
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PLh ' 1- Introduction 

^^ I In the past few years, methods such as those by J. Bourgain (high-low method; e.g. 

1 -Q ■ OE]) on the one hand and by J. Colhander, M. Keel, G. Staffilani, H. Takaoka and T. Tao 

C^ . (I- method or method of almost conservation laws e.g. [Ml [El [17] ) on the other, have been 

applied to study the global in time existence of dispersive equations at regularities which 

are right below or in between those corresponding to conserved quantities. As it turns out 

however, for many dispersive equations and systems there still remains a gap between the 

^ ' local in time results and those that could be globally achieved. In those cases, it seems 

^^ ■ natural to return to one of Bourgain's early approaches for periodic dispersive equations 

l^ [ (NLS, KdV, mKdV, Zakharov system) [U HI [Sj [71 [H H] where global in time existence was 

studied in the almost sure sense via the existence and invariance of the associated Gibbs 

r~^ . measure (cf. Lebowitz, Rose and Speer's and Zhidkov's works f30l [48] ) . More recently this 

^^ I approach has been used for example by N. Tzvetkov j441 |l5j for subquintic radial nonlinear 

Q ■ wave equation on the disc, N. Burq and N. Tzvetkov [12l [13] for subcubic and subquartic 

radial nonlinear wave equations on 3d ball, N. Burq, L. Thomann, and N. Tzvetkov [11] for 

the nonlinear Schrodinger equation with harmonic potential, and by T. Oh |3^ [3^ [35| [36] 

^ . for the periodic KdV-type coupled systems, Schrodinger-Benjamin-Ono system and white 

H I noise for the KdV equation. 

Failure to show global existence by Bourgain's high-low method or the I-method might 
come from certain 'exceptional' initial data set, and the virtue of the Gibbs measure is 
that it does not see that exceptional set. At the same time, the invariance of the Gibbs 
measure, just like the usual conserved quantities, can be used to control the growth in time 
of those solutions in its support and extend the local in time solutions to global ones almost 
surely. The difficulty in this approach lies in the actual construction of the associated Gibbs 
measure and in showing both its invariance under the flow and the almost sure global well- 
posedness, since, on the one hand, we need invariance to show global well-posedness and 
on the other hand we need globally defined flow to discuss invariance. 
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Our goal in this paper is to construct an invariant weighted Wiener measure associated to 
the periodic derivative nonhnear Schrodinger equation DNLS in (I2.ip in one dimension and 
estabhsh global well-posedness for data living in its support. In particular almost surely 
for data in a Fourier-Lebesgue space J'L'*'^ defined in (|2.2p below (c.f. [271 [211 [HI [22] ) and 
scaling like H2~^(T), for small e > 0. The motivation for this paper stems from the fact 
that by scaling DNLS should be well posed for data in H" , a > but the results so far 
obtained are much weaker. 

Local well-posedness is known for cr > 1/2 for the nonperiodic [iQ] and periodic |26j 
cases while global well-posednes is known for a > 1/2 for the nonperiodic case {a > 1/2 
in [16] and a > 1/2 in [31]) and for a > 1/2 in the periodic case [U]. Furthermore, in 
the non periodic case the Cauchy initial value problem for DNLS is ill-posed for data in 
H'^ (M) , (T < I [lO] [2] , a strong indication that ill-posedness should also be expected in the 
periodic case on that range. Griinrock and Herr [22] have recently established local well 
posedness for the periodic DNLS in Fourier-Lebesgue spaces J^L*'^, which for appropriate 
choices of (s,r) scale like H'^{T) for any a > -g. Their result is the starting point of this 
work (cf. Section 2 for a more detailed discussion). 

The measure we construct is based on the energy functional rather than the Hamiltonian. 
Hence we simply refer to it as weighted Wiener measure rather than Gibbs measure since the 
name 'Gibbs measure' has traditionally been reserved for those weighted Wiener measures 
constructed using the Hamiltonian. By invariance of a measure /x we mean that if <l>(t) 
denote the flow map associated to our nonlinear equation then $(i) is defined for all t S M, 
/x almost surely and for all / S L^ (fi) and all t S M, 

f{^tm)fiid<l,) = J f{cP)f,idcP). 

In general terms our aim is to construct a well defined measure fi so that local well 
posedness of the periodic DNLS holds in some space B containing the support of /x. Then 
we show almost sure global well posedness as well as the invariance of /x via a combination 
of the methods of Bourgain and Zhidkov [48] in the context of NLS, KdV, mKdV. In im- 
plementing this scheme however we need to overcome two main obstacles due to the need 
to gauge the equation to show local well posedness (eg. [Ml [26]) and to construct an invari- 
ant measure. The symplectic form associated to the periodic gauged derivative nonlinear 
Schrodinger equation GDNLS in (|2.8p does not commute with Fourier modes truncation 
and so the truncated finite-dimensional systems are not necessarily Hamiltonian. The first 
(mild) obstacle is to show the conservation of the Lebesgue measure associated to the fi- 
nite dimensional approximation to the periodic gauged derivative nonlinear Schrodinger 
equation FGDNLS, defined in (13. ip by hand, rather than by using the Hamiltonian struc- 
ture. The second obstacle is much more serious and is at the heart of this work. The 
energy £ defined in (j2.16p associated to the gauged periodic DNLq^ which we prove to be 
conserved in time, ceases to be so when computed on solutions of the finite dimensional 
approximation equation; that is ^£{v^) ^ 0, when v^ is a solution to the finite dimen- 
sional gauged DNLS (see (|4.18p ). In other words the finite dimensional weighted Wiener 
measure is not invariant any longer and unlike Zhidkov's work [l8] on KdV we do not have 
a priori knowledge of global well posedness. We show however that it is almost invariant in 
the sense that we can control the growth in time of £{v^){t). This idea is reminiscent of 
the /-method. However, while in the /-method one needs to estimate the variation of the 
energy of solutions to the infinite dimensional equation at time t smoothly projected onto 



We emphasize £ is not the Hamihonian of the gauged DNLS. 
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frequencies of size up to A^; here one needs to control the variation of the energy E of the 
solution V to the finite dimensional approximation equation FGDNLS. We note that the 
loss in energy conservation for solutions to the finite dimensional equation is principally 
due to the manner one chooses to approximate the infinite dimensional gauged equation 
by using Fourier projections onto the first A^th frequencies. In [3] Bourgain describes an 
alternative approach that relies on using a discrete system of ODE which seems to preserve 
the conservation of energy. This approach however entails a number of other difficulties, 
for one needs to replace the circle T by the cyclic group Z^v and carry out the analysis on 
cyclic groups. We choose not to follow this path here. 

We expect the ungauged invariant Wiener measure associated to DNLS (j2.ip we obtain 
in Section 7 to be absolutely continuous with respect to the weighted Wiener measure 
constructed by Thomann and Tzvetkov [32]. This question is addressed in a forthcoming 
paper [32] . 

The paper is organized as follows. In Section 2 we present some general background, 
notation and results on the derivative nonlinear Schrodinger equation in one dimension. In 
Section 3 we discuss FGDNLS. In Section 4 we overcome the first two obstacles mentioned 
above. Namely we prove the invariance of the Lebesgue measure associated to FGDNLS 
and devote the rest of the section to prove our energy growth estimate Theorem 14. 2i In 
Section 5 we carry out the construction of the weighted Wiener measure associated to the 
GDNLS. In Section 6 we prove the almost sure global well-posedness result for the GDNLS 
and the invariance of the measure constructed in section 5. Finally in Section 7 we translate 
back our results to the ungauged DNLS equation. 

Acknowledgment. Andrea R. Nahmod and Gigliola Staffilani would like to warmly 
thank the Radcliffe Institute for Advanced Study at Harvard University for its wonderful 
hospitality while part of this work was being carried out. They also thank their fellow 
Fellows for the stimulating environment they created. 

Notation. Whenever we write a+ for a G M we mean a + e for some e > 0; similarly for 
a—. In addition, we write A< B to mean there exist some absolute constant C > such 
that A<CB. 



2. The Derivative NLS Equation in one dimension 
The initial value problem for DNLS takes the form: 



where either (x, t) G M x (— T, T) or (x, t) G T x (— T, T) and A is real. In this paper we will 
take A = 1 for convenience. DNLS is a Hamiltonian PDE whose flow conserves also mass 
and energy; i.e. the following are conserved quantities of timqj (c.f. [281 113 [26]) : 



In fact, DNLS is completely integrable. 
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Mass: M{u){t) = / \u{x,t)\'^ dx. 
Energy: E{u){t) = / \ux\^ dx -\ — Im / u^uu^dx-l — / 
Hamiltonian: H{u){t) = Im / uUxdx-\ — / 



u\ dx. 



\u\ dx. 



DNLS was introduced as a model for the propagation of circularly polarized Alfven waves in 
a magnetized plasma with a constant magnetic field (cf. Sulem-Sulem |39]). The equation 
is scale invariant for data in L^; i.e. if u{x,t) is a solution then Ua{x,t) = a°'u{ax,a?t) 
is also a solution if and only if a = g- Thus a priori one expects some form of existence 
and uniqueness results for ()2.ip for data in H'^ ,(j > 0. Many results are known for the 
Cauchy problem with smooth data, including data in H^, such as those by M. Tsutsumi 
and I. Fukuda [43], N.Hayashi [23j, N. Hayashi and T. Ozawa [Ml [25] and T. Ozawa [37j 
and others (cf. references therein). 

In looking for solutions to (|2.ip we face a derivative loss arising from the nonlinear term 
(|«pt()j: = u^Ux + 2 |np Ux and hence for low regularity data the key is to somehow make 
up for this loss. 

For the non-periodic case (x G M) Takaoka [IQ] proved sharp local well-posedness (LWP) 
in i?2(M) relying on the gauge transformation used by Hayashi and Ozawa [241 125] and the 
so-called Fourier restriction norm method. Then, Colliander-Keel-Staffilani- Takaoka and 
Tao [15t I16| established global well-posedness (GWP) in H"{M), a > ^ of small Lp' norm 
using the so-called I- method on the gauge equivalent equation (see also [41]). Here, small in 

L^ just means less than an appropriate constant -\/^ which forces the associated 'energy' 
to be positive via Gagliardo-Nirenberg inequality. This result was recently improved by 
Miao, Wu and Xu to a > 1/2. The Cauchy initial value problem for DNLS is ill-posed 
for data in H" and a < \ (data map fails to be C^ or uniformly C° [40] [2].) In [21] A. 
Griinrock proved that the non-periodic DNLS is locally well posed in the Fourier-Lebesgue 
spaces J^L*'^(]R) which for appropriate choices of {s,r) scale like i?°'(]R) for any cr > (cf. 
(USD below.) 

In the periodic setting, S. Herr [26] showed that the Cauchy problem associated to 
periodic DNLS is locally well-posed for initial data ?i(0) G H'^iT), \i a > ^ vn the sense 
of local existence, uniqueness and continuity of the flow map. Herr's proof is based on 
an adaptation to the periodic setting of the gauge transformation introduced by Hayashi 
[23] Hayashi and Ozawa [241 125] on M, in conjunction with sharp multilinear estimates for 
the gauged equivalent equation in periodic Fourier restriction norm spaces X'*'^ that yield 
local well posedness for the gauged equation. Moreover, by use of conservation laws, the 
problem is also shown to be globally well-posed for o" > 1 and data which is small in L^-as 
in [HKH]- [26]. More recently, Win [17] apphed the I-method to prove GWP in H''{T) for 
a>\. 

A. Griinrock and S. Herr [22] showed that the Cauchy problem associated to (DNLS) is 
locally well-posed for initial data uq G J^L''''"(T) with 2 < r < 4 and s >^ where 

(2-2) ||^io||j-L«.'-{T) := II ("')*^0 ||£j;(z)- 

These spaces scale like the Sobolev //"^(T) ones where a = s + f ~ 2' Their proof is 
based on Herr's adapted periodic gauge transformation and new multilinear estimates for 
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the gauged equivalent equation in an appropriate variant of Fourier restriction norm spaces 
Xr'^q introduced by Griinrock-Herr 
For s,b € M, r,q > 1 we define t 
5(T X M) with respect to the norm 



Xr'^q introduced by Griinrock-Herr [22 

For s,b € M, r,q > 1 we define the space Xr^q as the completion of the Schwartz space 



\\u\\ s,b := \\{ny{T + n ) u{n,T)\\irr, 
where first we take the Lr norm and then the i^^ one. We also define the space 

||u|| .,!, := \\{ny {t - n'^)^u{n,T)\\ir r'^, 

r,q;— "■ 

and note that u G Xr]q if and only if n G X*' . 

For (5 > fixed, we define the restriction space Xrlq [5) oi all v = u\ [s^s] for some 

s b 

u G Xrlq with norm 

(2.3) ||f ||^s,6,^x := inf{||u||^s,6 : u G Xpq and t' = u|[_5_5]}. 

When we take q = 2 we simply write X^'g = Xp . Note ^22 ~ X'^'^. Later we will also 
use the space 

(2.4) Z:\5) :=x;2^(5)nx;;{'(5). 

Some simple embeddings are as follows. For s, 61, 62 G I^, '^ > 1 and 61 > 62 + ^ 

Ki^ C X;f and X;f C C(M,-FL^''^) 

which follow by Cauchy-Schwarz with respect to the L\ norm and by J^^^L} C L°° respec- 
tively. In particular 

We finally recall the following estimatqj heavily used in the proof of Theorem 14.21 below. 
Lemma 2.1 (Lemma 5.1 [22]). Let\<b <\ and s > 3 {^ - b) . The 



len 



\uvw\\t2 < ||n|| Ys,i)||v|| v's-''ll''w|| vo,6- 

I 1 1 J_j J. rs_/ II II y\_ ' II II y\ II II y\_ ' 



In particular if b = g— , then 



2 

(2.5) ||ut'ItJ||r2 < ||u|| 1 ||t;|| 1 ||u;|| „! ) 
V ; II ii_L^j ~ II 11^6,^-11 11^6,5-11 iijjfO,^-) 

for small e > 0; while when 6=0-1- 

(2.6) ||iti;u;||r2 < ||u|| 1 iillwll 1 i.i.llii'll n ij 



Note that in our notation the indices (r, q) are the dual of the corresponding ones in Griinrock-Herr [22] 
This is a trilinear refinement of Bourgain's L^{T) Strichartz estimate [lOj . 



c 
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2.1. The Periodic Gauged Derivative NLS Equation. We first recall S. Herr's gauge 
transformation. For / G L^(T), let 

G(/)(x):=expHJ(/))/(x) 

where 

(2.7) j^f)^^y,= 1_ 1^'^ £ \f(^y)\2 _ l_yf^.^^^^dyde. 

Note G{f) is 27r-periodic since its integrand has zero mean value. Then for u G 
7( — T, r]; L^(T)) and m{u) := 2~ fTW{x,0)\'^dx the adapted periodic gauge is defined 

M 

g{u){t,x) := G{u{t)){x - 2tm{u)). 
Note the L^ norm of g{u){t,x) is still conserved since the torus is invariant under transla- 
tion. 
We have that 

g : C{[-T,T]-H''iT)) -^ C([-r, T]; F"(T)) 
is a homeomorphism for any o" > and locally bi-Lipschitz on subsets of C{[—T, T]; H'^{T)) 
with prescribed ||t((0)||^2(j26j). Moreover the same is true if we replace H'^{T) by J^L'^'^ 
with s > 2 ~ r when 2 < r < oo and s > when r = 2 (|22j). 

Then if n is a solution to DNLS (|2.ip and v := g{u) we have that v solves the gauged 
DNLS equation (GDNLS): 

(2.8) vt — ivxx = —V Vx + -\v\ V — i'il){v)v — im{v)\v\ v 
with initial data v{0) = ^(n(0)), where 

(2.9) m{v){t) := — / \v{x,t)\'^dx and 



(2.10) V'(^)(i) := lm{vvx)dx+ — 

vr J J 47r J J 



\v\ dx — m{v) . 

If 

Note that m{v) is conserved in time; more precisely m{v){t) = i^;^ jj\v{x,Q)\'^dx = m{u) 
and that both m{v) and ip{v) are real. 

The initial value problem associated to (12. Sh with data in J^L*'''(T) is locally well-posed 
in Z^{5), 2 < r < 4, s > 21 for some 5 > 0. This was proved in Theorem 7.2 of |22j . 

Remark 2.2. Local well-posedness for (GDNLS) (j2.8p implies local existence, uniqueness 
and continuity of the flow map for DNLS (j2.ip [26j |22j . One cannot however carry back to 
solutions to DNLS all the auxiliary estimates coming from the local well posedness result 
for GDNLS. 

Now we show how the energy E{u) and H{u) transform under the gauge. Let u be the 
solution to (DNLS) ^^ and define 

Then w solves (GDNLS) ()2.8p with the extra m{w)wx term in the linear part of the equation 
[26j . So the gauge transform is, properly speaking the transforination w = e~^'^^^'u followed 
by the transformation 

v{x,t) = w{t,x — 2m{w)t) 



Recall m{u){t) is conserved under the flow of (|2.H) . 
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But all the terms involved in the conserved quantities we considered are invariant under 
this second transformation w ^ v (the torus is invariant under translation). We also notice 
that m{u) = m{w) = m{v), hence below we will be simply using m for this quantity. 
Since 



e'^^'^'^w 



we have 

with J{w)x = \w\'^ — m. 
We have 



e 



'J(-'){w, + iJ{w),w) 



H{u) = Im / uUxdx-\ — / |ti|^(ix. 
Jt 2 Jy 



Im / w {wx — iJ{w)xw) dx -\ — / \w\^ dx. 



(2.11) = Im / wwx - - / \w\^ dx + 2TTm^ =: .J^{w) 

Jt 2 J J 

In addition we have 

Uxu;^ = {wx + iJ{w)xw) {w^ - iJ{w)xw) 

= WxW^ + iJ{w)x{ww^-wWx) + J{w)'l\w\'^ 

= WxW^ — 2Im.J{w)xWW^ + [\w\^ — 2m\w\'^ + in^ |w^P) 

(2.12) = WxW^ — 21m. w ww^ + 277110110111^ + [\w\ — 2m\w\ +m \w\ ) 
By the same calculations we also have 

(2.13) u uu^ = w wWx — i\w\ +iTn\w\ . 
We now recall that 

(2.14) E{u){t) = / \ux\'^ dx + -Im / u^uu^dx + - / Wf dx, 
hence by using ([ZTJD . (fZT2D . (I233D we find 

E{u) = I WxWxdx Im / w wWx dx + 2m Im / ww^dx m / \w\ dx + 27rm . 

If we define 

(2.15) (f(u;) := / |tt;^pdx- -Im / w'^ww^dx + —( / \w{t)\'^ dx) ( / \w{t)\^ dx 

then E{u) can be rewritten as 

(2.16) E{u) = ^{w) + 2mjr{w) -27Tm^ =:£{w). 

Remark 2.3. We observe that H{u){t) = J^{w){t) and ■^H{u){t) = since H is the 
Hamiltonian for (DNLS) ([2T^ . hence it follows that f^J^iw){t) = 0. On the other hand, 
we also know that -^E{u){t) = 0, hence ■^S'{w){t) = 0. By the translation invariance of 
integration over T, we have that (j2.16p holds with v in place of w and 
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3. Finite dimensional approximation of (GDNLS) 

We denote by P/v/ = Yl\n\<N fi''^)^^'^^ ^^^ finite dimensional projection onto the first 
2N + 1 modes and P^ := I — P/v- Then the finite dimensional approximation (FGDNLS) 
is: 

(3.1) vf = ^vg - PnHv"'?^) + \ Pn{\v''\'v^) - ^i.{v^){t)v^ - im{v^)PN{\v''\V) 

with initial data 

(3.2) v^ = Pnvq, 

where m and ip are as defined in (|2.9p and (|2.10p respectively. 

Lemma 3.1. We have that 

4m(t;^)(t) := ^— [ \v''ix,t)fdx = 0. 
dt ^ '^ ' dt2TT Jj^ ^ ' ^' 

Proof. Indeed for simplicity let us momentarily denote hy w := v a solution to (13. ip : 
note Pnw = w. Then using that for any F, f P]\[{F{v^))v^dx = f F{v^)P]\[V^dx = 
j F{v )v^dx we obtain 

— (27rrn,(u;)) = 2Re / wtwdx 
= 2Re( —i \wx\ — / Pn{w Wx)w + - / Pn{\w\ w)w — 



2„ 

i'ip{w){t) j \w\ — im{w){t) j P]^{\w\ w)w 

2Re( — I {w Wx)w + - / |u;| — iip{w) / \w\ — im{w) j \w\ 



Theorem 3.2 (Local well-posedness). Let 2 < r < 4 and s> i^. Then for every 



U 



(3.3) v^ G Br := {v^ G J^L^'^T) / KyL^.m < R} 



2' 

(T) 



and 6 '^ R "' , for some 7 > 0, there exists a unique solution 
(3.4) v^ G Z'^{6) C C{[-5,5];J^L'''-{T)) 

of (j3.ip and (|3.2p . Moreover the map 



{Bn, II • ||^L^,.(T)) -^ C{[-6,6];TL''^T)) : v^ 



N , „.Ar 



V 



is real analytic. 



Proof. The proof follows the argument in [22], Theorem 7.2 since Pn acts on a multilinear 
nonlinearity and it is a bounded operator in L^, 1 < p < 00 and commutes with D'^. Also, 
although the proof in [22j is presented for s = ^i a simple argument of persistence of 
regularity gives the result for any s > t^- D 
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The following lemma gives control on how close the finite dimensional approximations 
are to the solution of (|2.8p . Our proof is a variation of Bourgain's Lemma 2.27 in [3j (see 
also fHI). 



Lemma 3.3 (Approximation lemma). Let vq G FL^''''i^),s > 2, 2 < r < A be such that 
\\vo\\jri3,r(j\ < A, for some ^4 > 0, and let N be a large integer. Assume the solution v of 
(13. ip with initial data Vq (x) := Pn{vo) satisfies the bound 

(3.5) ||i;^(t)||^i.,.(T) < A, for all t G [-T,T], 

for some given T > 0. Then the IVP (GDNLS) (|2.8p with initial data v^ is well-posed 
on [—T,T] and there exists Co,Ci > 0, such that its solution v{t) satisfies the following 
estimate: 

(3.6) \\v{t) - t;^(t)||^in,^(T) < exp[C7o(l + A)^^^]^^^-^ 

for allte [-T,r],i < si < s. 

Proof. We first observe that from the local well-posedness theory ([22] and Theorem 13. 2p . 
(GDNLS) (USD with initial data vo and (FGDNLS) ^Ji) with initial data v^ are both 
well-posed in [— (^, (5],<5 ~ (1 + A)~'^ . Let w := v — v^ , then w satisfies the equation 

(3.7) wt - iw^^ = F{v) - PnF{v^) = Pn[F{v) - F{v^)] + (1 - Pn)F{v), 
where F{-) is the nonlinearity of (12. 8p . By the Duhamel principle we have 



w{t) = S{t)[vo - <] + / S{t - t'){Pr,[F{v) - F{v^)]{t') + (1 - PM)F{v){t')) dt' , 

Jo 

where S{t) = e , and from the proof of Theorem 7.2 in [22] we have the bound 

r-t 



(1-P/v) [ S{t-t')F{v){t')dt' 
Jo 



ZrHS) 



(3.8) < AN^^-^ + 5^(1 + \\v'' ||^..(,) + \\v\\zn^s)T\Mz^^HS) + N^'-^S^l + Mzsis))'- 
By choosing a smaller 5 if necessary we obtain from (|3.8p 



IMzn^S) < CAN'' ' + -|klU;i(5), 
for some absolute constant C > 0, from where 

(3.9) \\v{t) - t'^(t)||^Ln.'-(T) ^ 2CAN''-', for ah t G [-6,6] 

and by iteration (13. 6p follows. D 



4. Analysis of the Finite Dimensional Equation (FGDNLS) 

Recall that equation (DNLS) is Hamiltonian and hence its gauge equivalent formulation 
should stay Hamiltonian (change of coordinates). However, the gauge transformation is not 
a 'canonical map' and the symplectic form in the new coordinates depends on v; that is we 
lose the simple expression the symplectic form (namely dx) had in the original coordinates. 
Two problems arise from the lack of commutativity between the gauged skew-selfadjoint 
form J and P/y: 

(1) The conservation of Lebesgue measure associated to (FGDNLS) is not obvious as before. 
We must prove that this is indeed the case; see Subsection 14.11 below. 
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and more seriously: 
(2) We lose the conservation of the energy £{v^) for the finite dimensional approximations; 

that is ; 7^ 0. In particular we lose the invariance of ujy, the associated finite 

at 
dimensional weighted Wiener measure. However we have an estimate controlling its growth, 

namely Theorem 14.21 below. 

4.1. Invariance of the Lebesgue measure. If we rewrite (FGDNLS) (13. ip as a sys- 
tem of complex ODE's for the Fourier coefficients Ck = v^{k) we obtain a set of 2N + 1 
complex equations of the form ^Cfc = Fk{{cj,Cj}), or equivalently AN + 2 equations 
■^a^. = ReFfc ({cj, Cj}), and -^bk = linFk{{cj,Cj}) for the real functions a^ = ReF^ and 
bk = ImFfc. 

To show that this set of equations preserves volume we need to verify that the divergence 
of the vector field vanishes, i.e., 

EdKeFu dlraFi. 
H = 0. 
dak dbk 

k 



This is easily shown to be equivalent to 



^ dck dck 



And indeed we have 



Lemma 4.1. The Lebesgue measure TlliKAf ^'^j^^i ^-^ invariant under the flow of the system 
of ODE'S (fTTip . 

Proof. The (FGDNLS) (13. ID as a system of complex ODE's for the Fourier coefficients Ck 
takes the form 

d 

di'~ 



~Ck — IK Ck ~r 1 y ^ 'n3CniCn2Cn-jOni+n2—n3—k 



ni,n2,n:j 
n.i,n2,n3,n4,?i5 



(4.1) -itp{{cj,Cj})Ck-im{{Cj,Cj}) ^ Cn^Cn^CmSn^+ni-na-k 

ni,n2,n3 

with m{{cj,Cj}) = J2j |cjP and 

(^4./j 1py-\^Cj , Cj J ) — Z y^ K\Ck\ ~r ~ / ^ Cnj^CnjCngCj^^Oj^j-i-j^j— ns— n4 ~ 

k ni,n2,ns,nA 

To show that this set equation preserve volume we need to verify 

(4.3) y:'¥^^p = o. 

^ dck dck 

k 

The vector field Fk consists of several terms which we analyze separately. 
(1) F^^^ = -ik^ck. Then ^ + ^ = -ik^ + ik^ = 0. 
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(2) Fl' =i I]ni,n2,n3 "-sCniCnzCna'^ni+nz-na-A:- To differentiate we consider the terms with 
ni = k and n2 = k and obtain 

(4.4) J" = iln ^ n3C„2C„3(5„2_„3 + iln ^ nsCmCnsdm-ns = i47r^n|c„p 

"2,713 ni,n3 n 

and similarly 

(4.5) ^^ = _i47rVn|c„|2 

and thus all the contributions of this term to the divergence disappear. 

(s) 

(3) ^fc = § Eni,n2,n3,n4,n5 CniCn2C„3C„4Cn5(5ni+n2+n3-n4-n5-fc- This term is treated simi- 
larly as (2) and is left to the reader. 

(4) Ff ) = 2i{j:^j\cj\^)ck. We have 

(4.6) — ^ = 2ifc|cfcp + 2iVj|c,f 

3 

and 

(4.7) -^ = -2ik\ck\^-2iY,J\c 

and so these terms do not contribute to the divergence. 

(5) Ff ) = z(V ■ |c,f )2cfe. We have 



2 
■J I 



dF^"^ 



(4.8) -^ = 2z(j;|c,f)|c,|2 + i(5^|c,| 



J 



dFi^'> , dPi^^ 



and again we have —a^ 1 — tt^— = 0. 

v"/ fc ~ ~2 /^ni,n2,n3,n4 ''"l'^"-2'^n3''n4'^ni+".2-".3-'^4'^A:- We have 



dFi'^ 



dcu 2 

ni ,712,^3,714 



/ ^ Cj^j^CT^jCT^gCT^^Ofij^- 



-712—713—714 



(.^•yj * / ^ C/jC^2''n3Cn4 0fc_f_n2_ji3— 714 

712,713,714 



and 



(6) 



dF^ ■ I 



dck 2 

711,712,713,714 



"2-713-714 



^4.iUj -|-Z / ^ C/jCji2Cn3Cn4 0fc+n2— 713— 714- 

712,713,714 

The first terms in (j4.9p and (j4.10p cancel for each A;. By summing the second terms in (|4.9 
and (j4.10p over k, we see that they do not contribute to the divergence. 
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(7) F^ = -iJ2j |cjf Eni,n2,n3CniCn2C„3(^„,+„2-n3-fc- We have 

ni,n2,n3 j 

and 

ni, 122, 113 j 

The second terms add to for each k while the first terms cancel if we sum over all k. 

D 

4.2. Energy growth estimate. 

Theorem 4.2. Let v^{t) be a solution to (FGDNLS) ([XT]) in [-5,5], and let K > be 
such that \\v^\\ 2_ i < K. Then there exists B > such that 

(4.13) \£{v''{6))-£{v''{0))\ = \j ^^£{v''){t)dt\ < C{5)N~^ max{K',K'). 

Remark 4.3. It is possible that the estimate (j4.13p may still hold for a different choice of 

Xr'^ (5) norm, with s>2i2<r<4so that local well-posedness holds. On the other hand 
the pair {s,r) should also be such that {s — 1) ■ r < —1 in order for J^L*'^ to contain the 
support of the Wiener measure (c.f. Section 5). Our choice of s = g— and r = 3 allows us 
to prove ()4.13p while satisfying the conditions for local well-posedness and the support of 

2_ o 1_ 

the measure. Note that J^Ls '■^ scales like H2 . 

4.3. Preparation for the proof of Theorem 14.21 Let v^ denote the solution of 
(FGDNLS) ([33]) which we rewrite as 



where 

(4.14) Cv"" := iv^, - {v^'f^ + -|z;^|4t;^ - ii,{v'')v'' - im{v'')\v''\''v'' . 
We first observe that from (I2.16P and Lemma l3. II we have 

(4.15) ^^£{v^) = ^^S{v^) + 2m^^^je{v% 

where uin '■= m{v ). 

Lemma 4.4. With the above notations we have 
d 



^^(^^)(t) = - 2/m / v^v^v^Pif{{v^fv^)dx + Re / v^ v^ v^ P^ {\v^ \\^ ) dx 



(4.16) - 2mNRe / v^ v^ v^ P^ {\v^ \\^ ) dx + 2mNRe / v^v^ P^{{v^fv^) dx 



+ mNlm / v^vN^P^{\v^\'^v^)dx-2mllm [ v^v^^P^{\v^\\^) dx, 
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dt Jj J 

(4.17) -2mNlm f v^ {^fP^{\v^\\^)dx, 

and 



jS{v^){t)=-2Im I v^v^v^P^{{v^fv^)dx + Re / v^ v^v^ P^{\v^\^v^)dx 



(4.18) - 2mNRe / v^ v^v^ P^{\v^\'^v^) dx - 2mNRe / {v^fv^P^({v^fv^) dx 
+ 3mNlm fv^{^fP^{\v^\\^)dx - GniNlm f v^ {^fP^{\v^\^v^)dx. 

Proof. From (|2.15p and integration by parts we have that 

(4.19) jS{v^){t) = -2Re /"<^dx-2Im f v^vf^lJ^ dx + 2mNRe f v^vf^"^ dx. 

Due to the energy conservation for the (GDNLS) (infinite system), one can see that the con- 
tribution in (j4.19p from Cv defined in (|4.14p is zero. On the other hand by orthogonahty 
we also have 

-2Re|^(p^((.^)2^) - ^P^(|.^|^.^) + ^m{v'^)P^{\v^\\^)) dx = 0. 

Hence (|4.16p follows. By a similar argument we obtain (j4.17p as well. The lemma follows 
by substituting ()i36]) and KT7\i into (gH]). 

D 

Remark 4.5. To establish Theorem 14.21 we need to estimate the terms in (I4.18p . In doing 
so we will ignore absolute constants and weather we are looking at the real or imaginary 
parts of the terms. 

The first term in (I4.18P gives a contribution to (14.13P which is essentially: 

(4.20) Ii= f I v^l/U^P^{{v^f'^)dxdt. 

This term is the hardest to control since it has two derivatives, so we will treat this one first. 
We start by discussing how to absorb the rough time cut-off. Assume (/> is any function in 

2_ 1 

X^ "^ such that 

(4.21) </>|[_5,5] = ^^. 
Then we write 

h= I X[o,5]W Pk{{v''fd^'^)v''W^dxdt 

JTxM 

-P/v((X[o,<5]0^)^ X[Q,S\(t)x) X[o,5]0^ X[Q.5\(t>^ Xlo^x dxdt 

TxR 

and by denoting 

(4.22) w := X[o,S]4>, w = Pn{w), 
we will in fact show that 
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(4.23) 



l^ll 



TxR 



Pj^{{w) dxw)wwwxdxdt 



< C{5)N-^\\wf 2_,i_. 



xr^' 



To go back to v^ we use the following lemma: 

Lemma 4.6 (Time-Cutoff). Let b < bi < 1/2. Then the exists C'{6) > such that 



\w\ 



_2 <C'{5)U\\ ■2,^<C'{5) 



h^ll 2 . 



^3^"' ^3^"'^" XrH5) 



where w, (j) and v are as above. 

Proof. Since the regularity in x does not play any role, without any loss of generality we 
ignore the power s = -n — . Then, 



\w\\^o,b 



3 1 
2 \ 3 



(4.24) = {^(^j \j^x^^{T-nU{n,n)dn\^T + nY'dr 
Writing r + n^ = (r — ri) + (ri + v?) we bound (14.241) by 

(4.25) ^{y^ij \j^ xi^(T-ri)(r-ri)^0(n,Ti)dTi|2dT 

(4.26) +(Y.([\[ Xmir-ri)Hn,Ti){n+nydn\^dT 



3 1 
2X3 



3 i 
2 \ 3 



n 



3 1 
2 \ 3 



We treat the first sum (j4.25p . the second one (j4.26p being similar. If (r — ti) < (ti + n^ 
then by Young's inequality (j4.25p can be bounded by 



< 






iLi 



T,n){T + n ) 



2\b+e\ 



|L2 



< 



£3 



iXWnf mixo.b 



x;-^ 



by Cauchy-Schwarz on the x term provided /3 + e>^,/3<^ and where bi := b + e < ^. 

On the other hand if (r — ri) > (ti + n^), then again by Young's inequality (j4.25p can 
be bounded by 



< 



2\-e\ 



X[0,5](T)(r)''+^||z.2 UiT,n){T + nT'\\L^ 



< 



£-■> 



\x\\h''+^ \m\x°'''i 



by Cauchy-Schwarz on the 4> term provided bi + e > ^^bi < ^. Finally by taking infimum 

- 
and using the definition of Xn'^ (6) a bound in terms of llf^ll n i follows. 

3 W II 11^0.^(5) 

D 
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4.4. Proof of Theorem 14.21 Returning to (j4.23p we write 
h = Pn (^ dxw) w wwxdxdt 

JtxR 



y^ {w'^Wx){n,T){wwWx){n,T)dT 

^ |n|>Ar 



= / ^ f / ^ w{ni,Ti)w{n2,T2)i-in3)w{n3,T3)dTidT2] 

•' |n|>Ar ^■^^=^i+""2-^3n=ni+n2-n3,|n,|<Ar ^ 

xf / ^ U}(n4,r4)u;(n5,r5)(-m6)u7(n6,r6)(ir4dr5 jdr 

l^ [ X] u;(ni,ri){(;(n2,r2)(m3)uJ(n3,r3)dridr2 j 

•^ Af<|n|<3Af ^•^^=^i+'^2+T-3„^^^_^^2+n3,|nj|<Ar ^ 

x( / ^ UM(n4,r4)l(j^(n5,r5)(in6)W(ri6,7"6)c?7-4dT5Jc^T", 



where u)! = t(;2 = if 4 = "W and W3 = w^ = wq = w. 

Remark 4.7. In what fohows we always think of Nj,N as dyadic; more precisely Nj := 
2^3 ^ N := 2^ where Kj < K since rij G Z. By a slight abuse of notation we then denote by 
Nj both \nj\ and the dyadic interval [2 J, 2^~^^) \nj\ belongs to when rij ^ 0. Moreover 
we denote by wnj the function such that urM.{nj) = X{|n |~iv }^('^i) 

From the expression above we then have, 

(4.27) \nj\ < N, A^ < |n| < 3A^, n = ni + n2 + n^, and — n = 77.4 + ns + ng, 

(4.28) N ~ max(iVi, 7V2, A^3) ~ max(iV4, TVs, iVe), 

(4.29) r + n^ - (n + n?) - {t2 + n|) - (rs - n^) = 2(n - ni)(n - nj) 
and 

(4.30) r + n^ + (t4 + n|) + (ts - nj) + (rg - nj) = 2(n + n5)(n + ne). 

So if we let dj := tj it n^ and iTj := (tj it n^) we have by subtracting (j4.29p from (j4.30p 

6 

(4.31) 2_] "^j = ~2 ( n (ni + n2 + ns + ne) - nin2 + n^riQ ). 

i=i 

This in turn can also be rewritten using ni + 77-2 + n3+ 724 + 7x5 + 7x6 = or n = 711+722+7x3 
and — 7X = 7x4 + 7x5 + 7x6 as: 
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(4.32) 



2J CFj = 2( n (ns + 714) + nin2 - n^riQ ). 



In addition, since ri + T2 + T3 + T4 + rs + re = 0, adding and subtracting n% j = 1, . . . , 6 
in the appropriate fashion, we obtain: 

6 

(4.33) 



Ef 2 , 2 , 2\ I 2 , 2 , 2\ 
aj = (ng + ng + Uq) - (n^ + na + n^). 



Hence we need to estimate 



(4.34) 

l^i| = 



Ni<N 



N; 



V" / / -^iV ( "^Ni WN2 dxWNs ] WN4 WNi, dxWNe dxdt 

i<JV;i=l,...6|n|>Ar-^^ ^•^'^ 

(/ 



T=Tl+r2+T3 



T=r4+T5+r6 



y^ WNiWN2{in3)wN3 dTidT2\ X 

n=7ii+7i2+rJ3 

y~] WNi^N^ {ine) m^ dTidn j dr 



-n=7i4+n5+n6 



(4.35) 



N<\n\<3N N^<N;i=l,..S 



7] |{(Jivil|S^| |n3| ItUATgl dri(iT2 

r VJr=n+T2+T3 „=„j+„2+n3 



T=r4+T5+r6 



y^ liSjvIl kiVsl I'^el Iw^AfJ c?T4dr5 j dr. 

1 .-Lr,^-Lr,„ / 



-n=?i4+n5+n6 



Remark 4.8. This expression (j4.35p will be our point of departure in beginning our esti- 
mate. In what follows we will abuse notation and write wnj for \wn^.\ and wj^ for JW^I 

since at the end we will estimate all functions in the Xr' norms which depend solely on 
the absolute value of the Fourier transform. 

We start by laying out all possible cases and organizing them according to the sizes of 
the two derivative terms. 

Types: 

I. N^r^ N, Ner^ N 
II. iVg ~ iV and Nq <^ N 

III. Ne^ N and N3 <^ N 

IV. Ns'^N;Ne^N 

Now we subdivide into all subcases in each situation and group them according to how 
many low frequencies ( ie. Nj <C N) we have overall taking into account (j4.28p . 

All Cases for each type: 



lA. A3 ~ A, Ae ~ A and 4 lows: Ai, A2, A4, A5 < A 
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IB. N^r^ N, Ner^ N and 3 lows 

i) iVi, iV2, A^4 < iV and iVg ~ iV 
ii) Ni,N2, N^ -^N and N4 r^ N 
iii) iVi, iV4, N^^. N and iVs ~ iV 
iv) N2, iV4, N5<t. N and iVi ~ iV 

IC. iVg ~ iV, iVg ~ iV and 2 lows 

i) Ni,N2 <.N and iV4, N5 r^ N 

ii) iVi, iV4 < iV and iV2, N5 r^ N 

iii) iVi, iVs < iV and iV2, iV4 - iV 

iv) N2, iV4 < iV and iVi, iVs ~ iV 

v) N2, iV5 < iV and iVi, iV4 ~ iV 

vi) iV4, iVs < iV and iVi, N2 ^^ N 

ID. iVs ~ iV, iVe ~ iV and 1 low 

i) Ni<^ N and iV2, iV4, N5 r^ N 
ii) iV2 < iV and iVi, iV4, N5 r^ N 
iii) iV4 < iV and iVi, iV2, iVs - iV 
iv) iVs < iV and iVi, iV2, N4 r^ N 

IE. iVg ~ iV, iVg ~ iV and Ni,N2, N4, N^ r^ N 



II A. iVa ~ iV and Nq <^ N and 3 lows 

i) iVi, iV2, N4<^ N and N5 r^ N 
ii) iVi, iV2, N5 -^N and iV4 ~ iV 

IIB. iVs ~ iV and iVe < iV and 2 lows 

i) iVi, iV2 < iV and N4, N5 r^ N 

ii) iVi, iV4 < iV and N2, N5 ^^ N 
iii) iVi, iVs < iV and N2, N4 r^ N 
iv) iV2, iV4 < iV and iVi, N5 r^ N 
v) iV2, iV5 < iV and iVi, iV4 ~ iV 

lie. iVa ~ iV and Nq <. N and 1 low 

i) Ni<^ N and iV2, iV4, N^ r^ N 
ii) iV2 < iV and iVi, iV4, N5 r^ N 
iii) iV4 < iV and iVi, iV2, N5 r^ N 
iv) iVs < iV and iVi, iV2, N4 r^ N 

IID. iVs ~ iV and iVe < iV and iVi, iV2, iV4, iVs ~ TV 



IIIA. Nq^^ N and iVs < TV and 3 lows 

(i) N2, N4, N5<t. N and iVi ~ iV 
(ii) iVi, 7^4, iV5 < iV and N2 ^^ N 
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IIIB. N^r^ N and N3 <t. N and 2 lows 

i) iV4, iVs < iV and iVi, A^2 ~ N 

ii) iVi, 7V4 <C A^ and N2, N5 ^^ N 

iii) iVi, iVs < iV and N2, iV4 ~ iV 

iv) N2, iV4 < iV and iVi, iVs ~ N 

v) iV2, iVs < iV and iVi, iV4 ~ iV 

inc. A^6 ~ A^ and N3 <^ N and 1 low 

i) Ni<^ N and iV2, iV4, N5 r^ N 
ii) iV2 < iV and iVi, iV4, N5 ^^ N 
iii) 7^4 < iV and iVi, iV2, iVs ~ iV 
iv) iVs < iV and A^i, iV2, iV4 ~ N 

HID. iVe ~ A^ and iVs < iV and A^i, A^2, iV4, A^s ~ A^ 



IVA. A^3 < A^, A^6 < A^ and 2 lows 

i) A^i, A^4 < Af and Ar2, A^s ~ A^ 
ii) A^i, A^'s < A^ and A''2, A'4 ~ A^ 
iii) A''2, N4<^N and A^i, A^'s ~ A^ 
iv) A''2, A^'s < A^ and A^i, Af4 ~ A^ 

IVB. A^3 < A^, A^6 < A^ and 1 low 

i) A^i < A^ and A^a, A^4, A^s ~ AT 
ii) N2<.N and A^i, A'4, N5 r^ N 
iii) A'4 <C A^ and A^i, Af4, A^'s ~ A^ 
iv) A^'s < A^ and A^i, A''2, Af4 ~ A^ 

IVC. A^3 < A^, A^6 < A^ and A^i, Af2, A^4, A^s ~ A^ 



In what follows we will use the following estimates repeatedly: 
Lemma 4.9. Let w^. be as above. Then 

(4-36) \\wnM^o+,^- 

< 



-1+ 



Iwm-W 2 1 



(4.37) 

We also have that 
(4.38) 



\wm-\\ 1 1, 



l-^.ll §-,i- 



\WNi II 7-8 < lllt'TVill 134. 3 , 



If we assume that ai < A^"^, for any 7 > 0, then 



(4.39) 



I^^atJIl^ < A^ 



\wnA\^2.^^. 



Proof. The estimates (I4.36P and (I4.37P are a consequence of frequency localization and 
Holder's inequality. The estimate ()4.39p is a consequence of Sobolev embedding together 
with the assumption that a^ < A^'*'. D 
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Lemma 4.10. Let 0</3<2, p>0 and 6 > 0. Let M > and wm be such that 
suppiUMl',^;) C [—(5,(5], x e T. Then if we define 



we have 
(4.40) 



JpWM{T,n) := X{\n\r~.M}X{\T+n^\<Mf}\wMiT^n)\, 



\JpWM\\xo,P<CsA{(3,M)"^MP^+\\wM\\ o,i, 



x-^' 



where A{M,/3) defined below is bounded by 1 + M" ^ . 
Proof. We write 



\\Ji3Wm\\\o,p 



= E / |5^(T,n)|2(r + n2)2PciT 

< M^P^ f( E \w^{r,n)AdT 



(4.41) 
where 

(4.42) 



< M^f"^ 



■|n|~A/, |r+n2|<M'3 

E \mi{T,n)\' 

|nj~M, JT+n2|<M'' 



|5(r,M,/3)|3(iT, 



S{t,M,(3) :={nG Z : |n| ~M and |T + n^| < M'^}. 



and |5| represents the counting measure of the set. 
We will show below that 

(4.43) A{M, (3) := sup |5(r, M, /3)| < 1 + M^^^ 

r 

Hence ()4.4ip is less than or equal to 

^X{\n\^M}{n), X{\r 



A{M,I3)^aM'^p^ 



+n^\<MP}\T,n}\WM{T,n} 
2 



dr 



X{|r+n2|<A//5}(^, n)w]^l{T, n) 

A[M,P)\m^pP j^ ^-i(|x||,+„2|<M/5}(r,n)S5]5(r,n)| ) (t) 
A(M,P)\m^pP j^ |^-i(x{l.+n2|<Af/5}(r,n))*^-i(5^(r,n))| (t) 



dt 



f^(|n|~Af) 



dt. 



£3(|n|~A/) 



Note that T^ ^ ( WM{-,n) ) (t) is still supported on [—5, 5] for all n and 

,2 sin(M^t) 



(4.44) 



-^T M X{|r+n2[<A//.'3}(-)^) (0 = 2e 



-jtn 



t 
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We then continue the chain of inequahties from the expression above with 



A{M,(3)'3M'^P^ 



Let p = 2— and q = 1+, then we compute 

s\n{M^{t-t')) 



X[-5,5]{t')\\^n{wM{t' , ■)){n)\\t3(^\n\^M) 



t-V 

sin(M^(t-t')) 



dt 



t-t' 



i^{\n\^M) 
2 

dt. 



dt' 



t-t' 






(4.45) 



M^ 



mi^m~ 



sm 



{mH) 



dt 



tMl^ 

sin(r) "^ 



dr < M°+. 



On the other hand for r: = ^ — 3 

II l|2 - 

||X[-5,5](-)ll-^n(li'M(i,-))(")ll£3(|„|^M)||iP ^ -^^ 



< 5~ 



|J^n(w^M(i,-))(^)ll^3(|„|^M) 



L? 



< 5~ 



e**"-F„(u;M(t, •))(") 



e**"J-„(u;M(t, •))(") 



e**"-F„(«;M(t,-))(n) 



2 



2 



if 



/^,^ 



2 

£3(|n|~M) 



(4.46) 



5^ II^mII o.i ' 



.s,b 



where we used the Sobolev theorem and the definition of X,.' . Finally by Young's inequality, 
()4.45p and (|4.46p we have the desired estimate. 

It remains to show (j4.43p . We use an argument similar to [TB]. For fixed r let S := 
S{t, M, (3) 7^ 0, then there exists uq £ S and hence 
(4.47) 
\S\ <l+|{/GZ/|no+/|~M, |r+(no+0^| < MI^}\ < l+\{l £ Z / \l\ < M, \2nol+l'^\ < M^}\. 



(4.48) 

|2no/ + /^| = |(/ + no)^-ng| <M^ if and only if -CM'^ + nl < {I + nof < nl + CM'^ 

Hence we need | / 1 < M to satisfy 



nl + CM^ < {1 + no) < Jn^ + CMl^, 



(/ + no) > y^^g^^CiW^ or {I + uq) < -^nl-CMP. 
In other words we need to know the size of 



[-Jnl + CMP, -Jnl - CMP] U [ Jn^ - CM^, Jng + CM^] 
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which is of the order of f^. Hence since Innl ~ M we have that 

|no| I ^1 

(4.49) \S\<1 + M'^-^ 

which imphes (j4.43p by taking sup^. 



D 



In what follows we are under the assumption that aj < A^'^ for all j = 1, . . . , 6. Towards 
the end of the proof we remove this assumption. We begin by treating all cases with at 
least two high frequencies in the non derivative terms. All cases in [IC], [ID] [IE] [IIB] [IIC] 
[IID] [IIIB] [IIIC] [HID] [IVA] [IVB] [IVC] follow from the following lemma applied with 
the exponent a appearing below set equal to 0. 

Lemma 4.11. Assume there are i,j G {1,2,4,5} such that Ni > N^^^ for < o" < g and 
Nj ~ N then (I4.35P can be estimated by A^^i2 + 2 Y\i=i WwiWj^s.t. 

Proof. By Plancherel we have that (j4.35p is less than or equal to 

(4.50) ^ / / Ns Nq WNi WN2 WN^i WNi WNz wnq dx dt. 

Let < /3 < 1 to be determined below. Assume 

(4.51) (73 < N^. 

By Cauchy-Schwarz's inequality, grouping the first three functions in (|4.50p in L^^ and the 
last three in L^j and using (j2.5p we have that (|4.50p is less than or equal to 

6 

(4.52) Y. N^N^\{\\^N^\^.^^-. 

Njr^N;N^>m-'^;Nk<N i=l 

Note now that by (j4.5ip wn^ is equal to Jj^wn-j, as defined in Lemma [4.101 above. Then 
we have 



(4-53) \\wN3\\^,,^.<CsN^ \\wN^\\ 0,^+- 

Hence by (|4.36p . (|4.53p we have that (j4.52p is less than or equal to 
(4.54) 

(4.55) < Y ^t^^ ATl+iV-i+f m \\WN, ll^§-.i-) ■ 

From here we apply Holder's inequality with r = 3, r' = | to sum in A'^-, A'j, N}^ (multiply 
and divide by N~^ with a loss of A^*^ for each term). For example, 

(4.56) Y II^^^Jx^'" = Y. ||lK"i)'(-^ + "i)^^iV,(r,n,)||L? 
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Set Y]\i-{nj) := \\{nj)^{T — n'j)'' WNj{T,nj)\\i2, then the expression in ()4.56p equals 

2 1 

Nj<N ^Nj<N ^ ^Nj<N ^ 

(4.57) < ^'(E E IK^.r(r + n|)''%(r,n,)||i2)^ 






"inxf, 



Note then that all in all we get at worst a factor ofA^ 6 + 2 + 2 + . 
Now assume that 

(4.58) as > N^. 
Then rewrite (j4.50p as 

(4.59) E / / ^3 ^''e 1 0-3 r 2 + WNi WN2 1 0-3 1 2 ~wj^ WNi wns wn^^ dx dt. 

We do Holder by placing |o"3| 2~I(7/^ in L^. ^, the product of IZF/Vg with the two largest among 
WN-i, WN2J 'WN4, wj^ in L^ J while the remaining ones in L'^j.. Then by (|4.36p and (|4.39p . 
we bound (j4.59p by 



< E ^3iV3 ' ^^NeN, ^+Ar-i+iV-|+f+ m \\wnMj^.i) 

~^AT^—f7. AT ^ \T ^1 — 1 3 / 



Njr^N;Ni>m-'^;Nk<N ^i=l 

We want that /?> cr to conclude by Holder the desired inequality with a decay in N. We 
now impose that 

whence /? = g and provided < o" < g the lemma follows. D 

It remains then to treat cases [lA], [IB], [IIA] and [IIIA]. Before starting we note the 
following support condition that will be used throughout in what follows. 

Support Condition. By (I4.27J) and (I4.28P the triplet {'WNi,wn2,wJ^) satisfies n = ni + 

n2 + ns, \nj\ < N, N <\n\ < 3N and A^ ~ max(A^i, N2, N3). 

Suppose that -say- max(A'^i , A'^2) ^ N^ for some < 9 < 1. Without any loss of generality 
assume re > 0. Then, we have that N < n < (rei -|-re2) -|-re3 < 2N^ + N and hence n = N-\-k 
where < A; < 2A^^. Next observe that n^ = n — (ni + n2) = N + k — (ni -|- re2) with 
\k — (rei -|- n2)\ < 4A^^, whence re3 = A^ -|- 0{N^). In other words, we have that whenever 
max(A''i, A''2) < N^ the support of wn^ is of size 0{N^). Note that we could have just as 
well said that the support of ItT/Vg" is of size 0(max(A^i, A''2)) in lieu of 0{N^). 

When we are in this situation we say we have the support condition on wn^- This 
argument is symmetric with respect to wn^ ■, ^N2 or wn^. The exact same analysis 
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holds for {wj\f4,WN5,WNa). By abuse of notation we still write for example, WN^iris) for 
'wj^{ns)xi^{n3), where 13(^3) is the support of uJJVg when the support condition holds. 

Remark 4.12. As a consequence of the support condition, estimate (I4.36P can be improved. 
For example if we have the support condition on wn^ then 

Case [IIIA]. Note that (i) and (ii) are symmetric with respect to j = 1 and j = 2. So 
we only consider (i) . Observe also that a priori there is no help from a large Gj . Let a, 6 
be two positive constants to be determined later but such that 1 — a > 6. 

Subcase 1: Assume N2, iV4, A^s < N^^'^ , N3, < N^ and A^i ~ A^ ~ A'g in (jMS]). Then we 
have the support condition on wni and wT/Ve- Let us denote by ^^ the sum over the set of 
Aj- < A^, 1 < j < 6 such that A^i, A^e ~ N, Nj < N^'" for j = 2,4,5 and A^3 < A^''. By 
Cauchy-Schwarz, (j2.5p . Lemma 14.91 and Remark 14. 121 we then have that ()4.35p is less than 
or equal to 



VA'aA^e max{N2,N3)^N^ ^^ N^ ''^ N.^ '^A'4 ^^ N^ ^' 



xmax(A^4,A^5)^A^6 ^^ (H lkivj|^2_,i_ j 



< J]Ar3^+Af|+max(Ar2,A^3)^A^2 ^^ N'l^ ([] ||u;Ar, 



i=\ 



2_ 1 _ 



-i+ -1+ 1 

since A^^ ^ A^^ ^ max(A^4, A^5)6 is bounded. On the other hand the latter expression is 
worst possible when max(A'2, A^s) ~ A3; hence if (5 < 2 we conclude by Holder as before 
with a decay of A^ 3 A^ 3 " . 

Subcase 2: Assume N2,N^,^h < A^^"", A^3 > A^*^ and A^i ~ A^ ~ A^g in gSS]). We 
further subdivide as follows: 

Subcase 2a) Assume A'2, A4, A^s < A^^ A'3 > A^^ and A^i ~ A^ ~ A'e in (I05]l . Then from 
()4.32p there exists aj > A^"'^^ . Denote by ^^ the sum over the set of Aj- < A^, 1 < j < 6 
such that A^i, A'e ~ N, Nj < N^ for j = 2, 4, 5 and N^ > N^ . 

• Suppose j = 2, 4 or 5; j = 2 or 4 are symmetric. So we treat first j = 2 and then j = 5. 
By Plancherel we have that (j4.35p is less than or equal to 

\,_i ^3 / 



^i=l 



by Cauchy Schwarz placing wn^wn^wnq in L^, a2'W]^2 in L^ and wn^wn^ in L°°. From 
(|2.5p and Lemma 14.91 we obtain the desired estimate with decay N~2 so long as 5 > 0. 

If J = 5 we proceed as above with same grouping in L^ but exchanging the roles of wn^ 
and WN5 for the other L^ and one of the L°° bounds. 
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• Suppose j = 3, 6 or 1; j = 3 or 6 are symmetric. So we treat first j = 3 and then j = 1. 
Proceeding as above from (J4.35P we now have 

^ Jm.Jj 



1 



by Cauchy Schwarz placing Wf^^w^q^w^f^ in L^, o"! u^tvs in -^^ and wn^'^Ns in i°°- We thus 

obtain the desired estimate as before with decay N~2 so long as 5 > 0. 

1 _ 

If J = 1 then we group wn^wn^w]^ in L^, a^ wn-^ in L^ and the other two on L°° to 
reach the same estimate. 



Subcase 2b) Suppose there exists i £ {2,4, 5} such that Ni > N^ and Nj < N^ for j ^ i, 
and i,j e {2, 4, 5} while stih iVg > iV^ and iVi ~ iV ~ A^e in (035]). 

• Suppose i = 2 first. Then we further split the sum over this set into three sums. Si, S2 
and 5*3 according to whether A^ ^ N2 <^ N-y, N2 ~ N3 or N2 ^ N^ respectively. When 
considering the sums over 5i or over 53 we have that from (j4.32p there exists aj > N^^ 
and hence the estimates for Si and S3 follow exactly as those in Subcase 2a). 

We treat then 52. Since N2 ~ iV3 and N2 < iV^~'^, we also have N^ < N'^~"; while 
N4,N^ < N . Thus we have the support condition in wn-^ and uT/Vg". Then from ()4.35p 
by Cauchy-Schwarz, ()2.5p . Lemma HTOl and Remark 14.121 grouping wni wn^^^^^^ in L^ and 
WNiWN^WN^ and ()4.36p we have 



S2 

xmax(Af4,iV5)^A^6 '^ n 



2 



X 



i=l 



W/V- 2 1 



< J]iv|+max(iV2,iV3)^iVi ^+ fj] ||«^ArJL |_,i- 

S2 ^J=l 3 



.-i + 



since A'4 ^ N^ '^ max( A'4 , A^'s ) 6 is bounded and N2 ^ N^. Summing as usual, we get the 
desired estimate with decay N~6~^ regardless of cr > 0. 

• Suppose i = 4. Again, we further split the sum over this set into three sums, Si,S2 
and S3 according now to whether A^ < A'^4 <C A^3; A^4 ~ N3 or A^4 3> N3 respectively. For 
the sums over Si or over S3, from (j4.32p we have a Uj > A'^^"'" and hence the estimates for 
Si and S3 follow exactly as those in Subcase 2a). 



INVARIANT WEIGHTED WIENER MEASURE AND A.S. GWP FOR DNLS 25 

We treat then 52- Since iV4 ~ N^, N^ < N^^'^ while N2,N^ < A^*^; so once again we 
have a support condition in wn-^ and W^. Proceeding as before we have 



2 + 
^ X 



^iV3iV6max(iV2,iV3)^A^i ''^ N^ ^^iVg '^^ N^ ^^A^g ^ 

xmax(iV4,iV5)sArg »+ "Q ||^^^ 



• 1 -^3 



1 I It 1 



52 \=1 3 / 

Since N^ ~ A'^j and N3 < N^^"' summing as before we have the desired estimate with decay 
N 3 so long as o" > 0. 

• Suppose i = 5. We now split the sum over this set into three sums, 81,82 and 5*3 
according to whether A^ ^ ^5 ^ ^3] ^5 ~ ^3 or N^ ^ A^3 respectively. Again for the 
sums over 81 or over S3, from (I4.32p we have a aj > A^^"*" and hence the estimates for 81 
and ^3 follow exactly as those in Subcase 2a). 

We treat then 82. Since A^s ~ N^, N3 < N'^-'' while Af2,A^4 < A^^; we have a support 
condition in wnj^ and wn^. Proceeding as before we have 



1 -2^ _1_^ _1_^ _1_^ _1_^ 



^A/'3Af6max(A/'2,Af3)6A^i ■' N^ ^ N^ ^ N^ ^ N, 
S2 

6 



5 X 



xmax(Af4,A^5)^Arg ^+ (j[ \\wnM^2.,i.) 

52 ^*=1 ^3 / 

S2 \=l ^3 / 

which summing over 5*2 gives the desired estimate with the same A^ 3 decay as in the 
previous case so long as cr > 0. 



Subcase 2c) Suppose that there exist at least i, j G {2, 4, 5} (i ^ j) such that A'^j, Nj > N 
while A^3 > A^"^ and A^i ~ A^ ~ A^e in (fOSj) . Note that A^4,A^5 < A^^""^ which ensures a 
support condition on wj^. 
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• Suppose (z,j) = (4,5). Proceeding as above and using similar arguments we have 

= 5^iV35+Ar|+Ar-i+Ar;^+Ar-5+max(iV4,iV5)^m ||u;jvj| 2_,i_ 

from where using that N4,N^ > A'^ and N^ > N we get the desired bound with decay 
A^3~6'^ so long as (5 > |. 

• Suppose {i,j) = (2, 5). Once again proceeding as before and using similar arguments 
we have 



WM.\\ 2 1 

%= 



'^NsNqN-^ ^^iVg ^^A^g ^^A^4 ^^A^5 ^^ max{Ni, N^)^ Nq ^+ (f[ 
* \=i 

* ^j=l 3 / 

using that A'^2 ^ ^ ai^d that A'^ ^ A'^g ^ max(A'4, A'^5)6 is worse possible when A'4 <^ N^ 
but N^ > N . Hence we once again obtain the desired estimate with decay A^3~6 so long 
as (^ > |. 

• Suppose (i, j) = (2, 4). This is exactly as in the previous case by exchanging the roles 
of 4 and 5. 

Subcase 3: Assume there exists at least one i £ {2,4,5} such that Ni > N^^'^, 
N2,N4,N5 < A^ while A^s < A^ and A^i ~ A^ ~ A^6 in (f05]l . This case follows from 
Lemma 14.111 with < o" < g as in its statement. 

Ah in ah, for Case [IIIA] we need I < ^ < ^ and < a < g. 

Remark 4.13. In the proof of the remaining cases, in order to keep the notation lighter, 
we will ignore the +e appearing in the exponent of the A'^j's in ()4.36p . For example we 

simply write N- ^ instead of A'^j ^ . 

Case [lA]. Assume A's ~ A^ ~ A^e while A^i, A''2, A'4, A^s < A^ in (f05]) and denote as 
before by J2* the sum over this set. Observe that from (|4.29p - (j4.33p there exists aj > N'^. 

Subcase 1: Assume in addition Ni,N2 < N for some 6 > 0. We then have the support 
condition on w]^. 



• 



Suppose j = 3 or 6; say j = 3 (j = 6 is similar). Then we rewrite ()4.35p as follows: 

^ Jr Jt 



6 

2 1 

V3~'^" 
^=l ^3 
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1 



by placing o"! wn^ in L^^, wn^wn^wn^ in L^.^, wniWi\[2 in -^S ^'^d using the support 
condition on wn^. By Holder's inequality, summing as above, we get the desired estimate 
with decay Na e so long as (5 < 1. 

• Suppose j = 1,2,4 or 5. By symmetry (relative to conjugates) j = 1,2,4 are similar; 
so suppose j = 1. We rewrite (I4.35P as 



1 I 1 



\^ / / N'^ai'^ wni<^i 'WN2W]sr.^W]s[^W]sf^W]sff^dxdt 

^ JrJt 

1 _ 

by placing a^ w^^ in L^j, WN^wj\i4'wNa ^^ L,xt^ WN2WN5 in L"^ and using the support 
condition on 111]^. Once again, by Holder's inequality, summing as before we get the 

desired estimate with decay N6~6 so long as (5 < 1. 
If J = 5 

^ Jr Ji 

^-^ 1 _2 _1 _1 _1 /A. 



WV' 2 1 

I iVJI^ - 



1 



by placing cr| wn^ in L^j, wn^^wn^wnq in L^^, WN1WN2 in L'^ and using the support 

condition on wj^. Once again. Holder's inequality, summing as before we get the desired 

s__i 
estimate with decay Ne> e so long as < 5 < 1. 

Subcase 2: Assume either A^i or A'^2 > N . Suppose A'^i > N ; otherwise exchange the 
roles of wni and 'WN2 below. We no longer rely on the support condition but on the lower 
bound on A^i as follows. 

• Suppose J = 3 or 6; say j = 3 (j = 6 is similar). Then proceeding as before we rewrite 
(|i:35D as 

y / N a^'-^ WNiWN^fy^ wJ^wn^wn^w]^ dxdt 

^ JrJj 

by placing a^ w]^ in L^^, wn-^Wn^w]^ in L^^, WN2WN4, in L'^t ■ By Holder's inequality, 
summing as above, we get the desired estimate with decay N~2 so long as 5 > 0. 

• Suppose J = 1 or 2; say j = 1 (j = 2 is similar). We now write 

y ^ / N a^'-^ WNiCrl WN2''uJN^WNiWNr^WNfi dxdt 

^ JrJt 



2 1 
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1 _ 

by placing a^ wni in L^f, wn^ ^a^3 ^A^e ^^ ^xt^ ''^NaWJ^ in L^ . Once again, by Holder's 
inequality and summing as above, we get the desired estimate with decay A^~2 so long as 
5>0. 

1 



Suppose j = 4: then proceed as above but place (t| wj^^ in L^^, WNiWNsWNe in L^ 



xti 



and WN2WN5 in L"^. 



• Suppose j = 5 then once again we proceed as above but now place a^ w^^ in L^j, 
WN^WN^WNe in L^t, and WN2WN4 in L^- 

Remark 4.14. Matching Subcases 1 and 2 above means ~2~^~h '^'^i^h requires ^ = 3 
and yields a decay of N~s^ . 



Case [IIA]. Part (i) will follow similarly to Case [lA] while part (ii) to Case [IIIA]. 

Part (i) We are under the assumptions A3 ~ A ~ iVs while Ai,A2,A4, Ag <. A. It 
follows from (I4.33p . there exists aj > A^. We proceed exactly as in [lA] exchanging in each 
instance the roles of wnq and W/Vs" 

Part (ii) We are under the assumptions A3 ~ A ~ A4 while Ai, A2, A5, Ag <. A. We 
have a priori no help from a large aj at our disposal. We proceed then as in [IIIA] above with 
the roles of (A3; uT/Vg") switched with that of (Ag; uJJvg) and (Ni^wnj^) with (A4; WNi)- Hence 
for a,5 > -to be determined- in Subcase 1 we are under the assumption Ai, A2,A5 < 
A^-'^, Aq < A*^ and A3 ~ A ~ A4. While in Subcase 2 we assume Ai, A2, A5 < A^^^^ 
while Aq > A and A3 ~ A^ ~ A'4, and further subdivide just as before into Subcase 2a): 
Ai, A2, A5 < A'^ while Ag > A"^ which implies from K3T\\ the existence of a aj > N'^+^; 
Subcase 2b): there exists i € {1,2,5} such that Aj > A"^ and Nj < N^ for j / i and 
i,j £ {1,2,5} while stiU Nq > N^ and A3 ~ A ~ A4 in (fOSjl and Subcase 2c): that 
there exist at least i,j e {1,2,5} {i / j) such that Ni,Nj > A"^ while Ag > A"^ and 
A3 ~ A^ ~ A'4 in (j4.35p . Note that Ai,A2 < N^~'^ which ensures a support condition 
on wn^. Subcase 3: Assume there exists at least one i G {1,2,5} such that Aj > A^^'^ 
A2, Ai, A5 < A while Ag < A and A3 ~ A ~ A4 in ([05]) . This case fohows from Lemma 
ll.lll with < (T < g as in its statement. 

Proceeding then just as in [IIIA] we conclude the desired estimate with the same decay 
in A as in [IIIA] as long as I < 5 < ^ and < o" < ^ as before. 



Case [IB]. We first note that parts (ii), (iii) and (iv) are all symmetric relative to conju- 
gation; so we only consider (i) and (ii). 

Part (i) We are under the assumptions A3 ~ A5 ~ Ag ~ A while Ai, A2, A4 < A. It 
follows from (j4.33p . there exists aj > A^. 

• Suppose j = 1, 2 or 4. By symmetry is enough to consider j = 1 and j = 4. To obtain 
decay we need to use the support condition. This we further subdivide into two cases. 

Subcase 1: Assume in addition Ai, A2 < A for some 5 > 0. We then have the support 
condition on wm^- For j = 1 we have: 
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> / I N ai ^ ' WNify'i W]\[^W]\!3W]\!4W]\!5W]\!e dxdt 



by placing a^ w^-^ in L^^, 'wn2Wn^wn^ in L^^, WNiW]^ in L^. By Holder's inequality, 
summing as above, we get the desired estimate with decay A^~6 + 6 so long as < 5 < 1. 

For j = 4, we place alvoN^ in -^xi) wniWn^wn^ in L^j and wn^wns in -^S ^^id proceed 
similarly. 

Subcase 2: Assume either A'^i or A''2 > N . By symmetry suppose A'^i > N ; otherwise 
exchange the roles of wn^ and wn2 below. We use then the lower bound on A^i as follows. 
For j = 1: 



1 I 1 



"^ JrJt 

i_ 

by placing a I wni in L'^f, WN2WN3WN6 in L^j, wn^w]^ in L^. Hence, by Holder's 

_s_ 
inequality and summing as usual we get the desired estimate with decay A^ 2 so long as 

(5>0. 

i_ 
For j = 4, we place a^ w^^ in L'^^, wn-^^wn^w]^ in L^^ and t^ArjIzr/^ in L^ and proceed 

similarly. 

Remark 4.15. Note that once again, matching Subcases 1 and 2 above means — | = g ~ 6 
which requires <J = 4 and yields a decay of A^~8 + . 

• Suppose J = 3, 6 or 5. By symmetry relative to conjugation it's enough to consider 
-say- j = 3. We have 

y / j N a^^ wniWn2^1 wJ^wn^wn^wJ^ dxdt 

i_ 
by placing a^ w]^ in L^^, wn4U!n^wn^ in L^^, wn-^wn^ in L^. Hence, by Holder's 

inequality, summing as usual we get the desired estimate with decay A^^2 + . 



Part (ii) We are under the assumptions A3 ~ A^4 ~ A'g ~ A^ while Ni,N2,N^ <€, N. It 
follows from (|4.3ip . there exists Uj > A^^. 
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• Suppose j = 1, 2 or 5. Suppose j = 1 then 



> / I N'^U^'^' a I WNiWNiWN-iWN^WN^WNedxdt 



RJT 

6 



n-'n-^n;''nI*n--'n--'nI+n;'' (fl ||w.||^3_,>_) 



E 



by placing a I wni in L^^, WN4WN3WNe in L'^t^ WN2WN5 in L^. Hence, by Holder's 
inequality and summing as usual we get the desired estimate with decay N~'2 + , 

If J = 2, 5 we proceed similarly; keeping wn^wn^wJ^ in L^.^ and exchanging the roles of 
either WN2 or Wn^ with that of wn-^ above. 

• Suppose j = 3, 6 or 4. Suppose j = 3 then 



1 I 1 



^ JrJt 
< J2 N'N-'n',+N;'^NPNPnI+NP (f[ ||^ivj|^|_,i_) 



1_ 

by placing Ug IJI/^ in L^^, 'wn2Wn4Wn^ in L^^, wniWn^ in L!^. Hence, by Holder's and 
summing as usual we get the desired estimate with decay A^~2 + . 

If J = 6 we proceed similarly exchanging the roles of W]^ and wn^ above. 

i_ 

[ we place a I WN4, in L^j and group WATjIZFA'a 
conclusion. 



If j = 4 we place (t| wat^ in L^j and group wn^wn^wnh in -L^j to derive the same 



We now remove the assumption we made at the beginning of the proof. Suppose that 
there is at least a aj > N'^ . It follows from (j4.3ip and (|4.32|) that there are two indices 
1 < ii / ^2 < 6 such that cji^,ai2 > N'^ . Then, by (j2.6p and ()4.37p . we have 






N<\n\<ZN N,<N;i=l,...6 "^ ^ v-' t-ti^t2^t3 „=„^^_„2+n3 

(4.60) f / ^ |{(T^| IwT^I Inel |W^| dT4dT5 j dr. 

Ar<|n|<37V Af,<Af; i=l,...6 

< > > A^^3 + ||tt;Af. II 1 1 llwjv- II 1 1 IT ll'U^ill 1 ij 

Ar<|n|<3Ar Af,<Af; i=l,...6 j¥«i,J2 



6 



<iv-^+n 



i=i 



Wo 2 1 

"^3 



To treat the remaining terms in (j4.18p we first note that these are either higher order 
with no derivatives or same order as the first but with only one derivative term. We again 
start by assuming that (Tj < A^^ for all j. Under this assumption their estimate follow from 
the following lemma. 
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Lemma 4.16 (Remaining Terms). There exists /3 > such that following estimates hold: 



(4.61) Yj Yj ( _ Yl \wNl\\mF2\\wNs\] X 

Af<|n|<3Af Ni<N;i=l,...6 J r \J t=ti+T2+t3 ^=711+712+113 ^ 

(/ Yi l"^! I^^l Nl'^e)! |w^l ) dT < iV"^ Jl Ikill 2_i_ 

(4.62) ^ ^ /(/ 5 ^ l^wjVill'S^I |w^|ti^|ti^|j X 

7V<|n|<3Af A',<Af;i=l,...8 "^^ ViT=ELi r, 5 / 

(/ X] 1^1 |w^l N(^8)| |w^| ) rfT" < A^"'' JJ Ikill §-,1- 

\J -T=T^+Tj+T^ _n=n(,+n^+ni ' i=\ ^3 

where the multiplier m satisfies: \m{^)\ < (0. 

Proof. Here we will only prove (|4.62|) since (|4.61|) is similar but simpler. Without loss of 
generality we can assume that A^i ~ A^ ~ N^. Fix any < a < 1 and consider the following 
cases. 

Case 1 : Assume that iVj < A'"'^, i 7^ 1,8. Then we have the support condition on wn-^ 
and W]s[g. By Plancherel (j4.62p is less than or equal to 

(4.63) ^ / / Ns WNiWNiW^WNiW^WNeWNrWNs dx dt 

Ni,Na^N;Ni<N'^,ij^l,8^ '^ 

< ^ N\\wNi WN2 ^^IIl2 t \\WN4 "WN^h^^t \\wN(iWNrWNs WlI^ 

X max(iVfi,iV7)6 I I I \\wnA\ 2_ i_ I ^ iV 3' o' 1 \\Wi\\ 2_ i_ 



max(iV6,iV7)^(n 11^^-11 h'h-) ^^"^^^^(n 



"^3 



Case 2 : Assume there exists k ^ 1,8 such that N^ > N" . Without loss of generality 
-say- k = 4. Then we bound ()4.63p as follows: 

Y N\\wNiWN4WN^\\LlJ\'WN2WN^\\L^^t \\w N^Wn^Wn^W Ll ^ 



1 1 1 „ . „ . 1 1 1 

2 1 






\=i 



Will 2 1 
1= 



D 



We now remove the assumption we made before the lemma above. Suppose that there 
is at least a aj > N^. The term with six factors follows just in (j4.60p . To estimate 
the term with eight factors we first observe that as before there are at least two indices 



32 NAHMOD, OH, REY-BELLET, AND STAFFILANI 

1 < ii ^ 12 < 8 such that (Ti,aj > A^^. Next we use Holder inequahty to bound the left 

hand side of (f462]l by 

(4.64) 

8 8 

N<\n\<3N N,<N;i=l,...S i=l N<\n\<3N Ni<N;i=l,...8 i=l ^ 

by (14.38P . Using (Tj^ , ai^ > N^ we conclude that 

(14.641) < > > N~a~^\\wMi,\\ is , i ||^i;^^. 11 is , i I I Hit^Ar-ll is , a , 

Ar<|n|<3Af Afi<Af;i=l,...8 ^ 3 i^n,J2 ^ 



iV-i+J] 



< /V 8 ' I I llttljll 2_ 1 



~ - II ll"MI,,^-,5- 



1=1 

5. Construction of Weighted Wiener Measures 

In this section we construct weighted Wiener measures and associated probability spaces 
on which we establish well-posedness. To construct these measures we make use of the 
conserved quantities £{v) (given in ()2.16p ) and the L^-norm. As a motivation we recall a 
well known fact in finite dimensional spaces. Suppose we have a well-posed ODE yt = F{y), 
where -F is a divergence-free vector field. Assume G{y) is a constant of motion such that 
for reasonable /, f{G{y)) £ L^{dy). Then by Liouville's Theorem, dfi{y) = Z~^f{G{y))dy 
is, for suitable normalization constant Z, an invariant probability measure for flow map for 
the ODE. 

To construct the measures on infinite dimensional spaces we will consider conserved 
quantities of the form exp(— ^i5(f )). But there is a priori little hope of constructing a finite 
measure using this quantity since (a) the nonlinear part of £{v) is not bounded below and 
(b) the linear part is only non-negative but not positive definite. To resolve this we use the 
conservation of L^-norm and consider instead the conserved quantity 



/3 



Mv)-^f{\v\^ + M^)dx 



(5.1) X{M^2<B} 
where J\f{v) is the nonlinear part of the energy, i.e. 

(5.2) M{v) = --Im / v^vvxdx - —{ / |t;|^(ix|( / |t;|''dx| + 

+ —[ I \v\ dx\[lia I vvxdx] + -— jr ( / \v\ dx 
^\Jt J \ Jt J 47r^ \Jj 

and i? is a (suitably small) constant. 

By analogy with the finite dimensional case we would like to construct the measure (with 

v{x) = u{x) + iw{x)) 

(5.3) " d^lp = Z-V{||.||,2<B}e"^^^'^e-i/(l''l'+l''^l')'^- n^^(^)^^(^) "• 

This is a purely formal, although suggestive, expression since it is impossible to define 
the Lebesgue measure on an infinite-dimensional space as a countably additive measure. 
Moreover, it will turn out that / jitxP = oo, /U almost surely. 

One uses instead a Gaussian measure as reference measure and the measure /i is con- 
structed in two steps. First one constructs a Gaussian measure p as the limit of the 



INVARIANT WEIGHTED WIENER MEASURE AND A.S. GWP FOR DNLS 33 

finite-dimensional measures on R^^"*"^ given by 

(5.4) dpAT = Zq^J^ exp (^ - - ^ (1 + |n|^)|^„|^j JJ dandhn 

\n\<N \n\<N 

where v„ = On + ^&n- The construction of such Gaussian measures is a classical subject, 
see e.g. Gross [20] and Kuo [29]. For our purpose we will need to realize this measure as a 
measure supported on a suitable Banach space. Once this measure p has been constructed 
one constructs the measure ^u as a measure which is absolutely continuous with respect to 
p and whose Radon-Nikodym derivative is 

For this measure to be normalizable it turns out that one needs B to be sufficiently 
small. Also the constant /3 in the measure does not play any role in the analysis ( although 
the cutoff B depends on /3) and thus in the sequel we will set /3 = 1. But note that the 
measures for different /3 are all invariant and they are all mutually singular [2^ |29] . 

First let us recall some facts on Gaussian measures in Hilbert spaces and Banach spaces. 
For details see Zhidkov |48] . Gross [20] and Kuo |29j . Let n G N and T be a symmetric 
positive n X n matrix with real entries. The Borel measure p in M" given by 

dp(x) = — , ^^ exp ( — i (7 x, x)-^.^ ) dx 

^ ' V(2^)" det(r) ^ ^ ' 

is called a (nondegenerate centered) Gaussian measure in M". Note that /9(M") = 1. 

Now, we consider the analogous definition of the infinite dimensional (centered) Gaussian 
measures. Let H he & real separable Hilbert space and T : -ff — )• -ff be a linear positive self- 
adjoint operator (generally unbounded) with eigenvalues {A„}„gN and the corresponding 
eigenvectors {e^jngN forming an orthonormal basis of H. We call a set M C H cylindrical 
if there exists an integer n > 1 and a Borel set F C M" such that 

(5.5) M = {x£H : {{x, ei)^, • • • , (x, e^)^) e F}. 

Given the operator T, we denote by A the set of all cylindrical subsets of H and one 
can easily verify that ^ is a field. The centered Gaussian measure in H with correlation 
operator T is defined as the additive (but not countably additive in general) measure p 
defined on the field A via 

(5.6) p{M) = (27r)-t Yl \J^ / e"^^?=i ^''^^'dxi • • • dx„, for M G ^ as in ([53]) . 

The following proposition tells us when this Gaussian measure p is countably additive. 

Proposition 5.1. The Gaussian measure p defined in ()5.6p is countably additive on the 
field A if and only ifT is an operator of trace class, i.e., X^nLi A„ < oo. // the latter holds, 
then the minimal a-field M containing the field A of all cylindrical sets is the Borel a-field 
on H . 

Consider a sequence of the finite dimensional Gaussian measures {pn}n&i as follows. For 
fixed n G N, let Mn be the set of all cylindrical sets in H of the form (15. 5p with this fixed 
n and arbitrary Borel sets F C M". Clearly, A^„ is a cr- field, and setting 

Pn{M) = (27r)-t [] A/ / e-^^?=i ^"'^?dxi ■ ■ ■ dxn 
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for M G Mm we obtain a countably additive measure p„ defined on A^„. Then, one 
can extend the measure pn onto the whole Borel cr- field 7W of ff by setting PniA) := 
Pn{A n spanjei, • • • , e„}) for A S A4u Then, we have 

Proposition 5.2. Let p in (|5.6p be countably additive. Then, {pn}n£n constructed above 
converges weakly to p as n —t- oo. 

For our problem then we consider the Gaussian measure p which is the weak limit of the 
finite dimensional Gaussian measures 

(5.7) dpN = ZqJ^ exp (^ - - ^ (1 + |"'|^)|^^n|^j JJ dundbn . 

\n\<N \n\<N 

Let Js := (1 — A)*~^, then we have 

'(l + |np)|u„|^ = {v,v)hi = {J-'^v,v)h, 



I -t- I 'f; I I I 77„ 
n 



The operator Js : Hs ^^ Hg has the set of eigenvalues {(1 + \n\'^p'^~^>}n(^i and the corre- 
sponding eigenvectors {(1 + |?T-P)^'''^e*"'^}„(=a form an orthonormal basis of H^ . Since Jg 
is of trace class if and only if s < ^ , by Proposition 15.11 p is a countably additive measure 
on H'^ for any s < 1/2 (but not for s > 1/2.) 

Unfortunately, (|2.8|) is locally well-posed in H^(T) only for s > ^ [2B]. Instead, we 
propose to work in the Fourier-Lebesgue space J^L^'^'(T) defined in (|2.2p in view of the 
local well-posedness result by Griinrock-Herr p2j. Since TL'^'^ is not a Hilbert space, we 
need to construct p as a measure supported on a Banach space. 

5.1. General Banach space setting. Let us recall the basic theory of abstract Wiener 
spaces [29j . Given a real separable Hilbert space H with norm || • ||, let J- denote the 
set of finite dimensional orthogonal projections P of H. Then, define a cylinder set E by 
E = {x G H : ¥x £ F} where P G J-" and -F is a Borel subset of ¥H, and let 7?. denote 
the collection of such cylinder sets. Note that 7^ is a field but not a cj-field. The Gaussian 
measure p on H is defined by 

p{E) = (27r)"2 / e ~dx 
Jf 

for E £ TZ, where n = diiuFH and dx is the Lebesgue measure on ¥H. It is known that p 
is finitely additive but not countably additive in TZ. 

Definition 5.3 (Gross [20]). A seminorm ||| - ||| in H is called measurable if for every 
e > 0, there exists P^ S J-" such that 

pmx\\\>e)<e 

for V £ T orthogonal to P^ . 

Any measurable seminorm is weaker than the norm of H^ and H is not complete with 
respect to 1 1 1 • 1 1 1 unless H is finite dimensional. Let B be the completion of H with respect 
to III • III and denote by i the inclusion map of H into B. The triple {i,H,B) is called an 
abstract Wiener space. 



Note a slight abuse of notation. We use p„ to denote a Gaussian measure on spanjci, ■ ■ • ,e„} as well 
as its extension on H . A similar comment applies in the following. 
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Now, regarding y G i3* as an element of H* = H hy restriction, we embed B* in H. 
Define the extension of p onto B (which we still denote by p) as follows. For a Borel set 

F C M", set 

p{{x G B : ((x, yi), • • • , (x, y„)) e F}) := p{{x G H : {{x, yi)^, • • • , (x, y„)i/) G F}), 

where y^'s are in B* and (•, •) denote the natural pairing between B and B*. Let T^g denote 
the collection of cylinder sets {x G B : {{x, yi), ■ ■ ■ , (x, y„)) G F} in B. 

Proposition 5.4 (Gross [20j). p is countahly additive in the a -field generated hy TZb- 

5.2. Back to our setting. In the present context, we will let H = if^(T) and B = 
J^L^'^(T) with 2 < r < oo and (s — l)r < —1. First we prove the following result. 

Proposition 5.5. Let 2 < r < oo and assume (s — l)r < —1. Then the seniinorm \\ ■ Wj^l"'^ 
is measurable. Moreover, we have the following exponential tail estimate: there exists C > 
and c > (which both depends on (s, r)) such that, for K > 0, 

(5.8) p{\\v\\TLs,r >K)< Ce-^^'. 

This shows that {i,H,B) = {i,H^,J^L'^'''') (2 < r < oo) is an abstract Wiener space 
if (s — l)r < —1 and thus the Wiener measure p can be realized as a countably additive 
measure supported on TL'^'"' for [s — l)r < —1. This is hardly surprising since this is 
equivalent to cr = s + i — ^<^ and FU'^ scale as H" . 

The second part of Proposition 15.51 is a consequence of Fernique's theorem [19] (c.f. 
Theorem 3.1 of Chapter III in [29ij). 

Remark 5.6. Proposition 15.51 was essentially proved in [35] in the context of white noise 
for the KdV equation. We include here a proof in our DNLS context for completenesqj- 

It is useful to note that the measure p^ given in (|5.7p can be regarded as the induced 
probability measure on C^^"*"^ = M^^+^ under the map 

(5.9) w I— 



where fi'n(w), \n\ < N, are independent standard complex Gaussian random variables on 
a probability space (^,F,P) (i.e. Vn = , ^" „ ) . In a similar manner, we can view p 

as the induced probability measure under the map uj i— )• { / ^", ,A nei^ where gn{<^) are 

-y/l+|np 

independent standard complex Gaussian random variables. 

For the proof of Proposition, 15.51 we first recall the following result. 

Lemma 5.7 (Lemma 4.7 [36j). Let {gn} be a sequence of independent standard complex- 
valued Gaussian random variables. Then, for M dyadic and 5 < ^, we have 

I |2 

hm W^" ^ ' . — p5- = a.s. 

Proof of Proposition [5751 Let 2 < r < oo and {s — l)r < —1. In view of Definition 15.31 it 
suffices to show that for given e > 0, there exists a large Mq such that 

(5.10) pdl^MoHbL- >e)<e, 



Proposition 15.51 also holds for r < 2 and (s — l)r < —1, albeit with a different proof (see Jj for details). 
For our purposes 2 < r < oo suffices and so we restrict ourselves to that case. 
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where P^j is the projection onto the frequencies \n\ > Mq. Note that if P is a finite 
dimensional projection such that P _L Pmq then ||Pv||j-ls.'- < ||P^ wHj-^^s.r. 
In view of (j5.9p , we assume that v is of the form 

"" inx 



(5.11) ^(^) = ^ 



VT+ 



n 



2 



where {gn} is as in (|5.9p . 

Let (5 < 2 to be chosen later. Then, by Lemma 15.71 and Egoroff's theorem, there exists 
a set E such that p{E'^) < ^^ and the convergence in Lemma 15.71 is uniform on E, i.e. we 
can choose dyadic Mq large enough such that 

(5.12) \\{9n{u;)}\n\^M\\L- ^ ^^_,^ 

lll5n(w)}|„|^MllL2 

for all a; G E' and dyadic M > Mq. In the following, we will work only on E and drop Tl-E" 
for notational simplicity. However, it should be understood that all the events are under 
the intersection with E so that (j5.12p holds. 

Let {o'j}j>i be a sequence of positive numbers such that Yl^j ~ 1' ^^^ ^^^ ^j ~ -^o2-' 
dyadic. Note that aj = C2~ -^ = CMqM~ for some small A > (to be determined later.) 
Then, from (j5.1ip . we have 

oo 

(5.13) p{\\Pii^viu)\\^Ls,r >e)< Y.p{\\{{nr-'gn{uj)}\n\^M,\\Lr^ > ^js)- 
By interpolation and (|5.12p . we have 



i)'* 9n}\n\r^Mj\\L^ "^ Mj ||{5n}|n|~A/j lU^ < ^fj ||{5n}|n|~Mj ll£2 ||{5n}|nl~Mj 



< M '\\{gn}\n\^M\\Ll ii. . ^ ii " < ^, ^ IIR}|n|^MjlL- 

y \\\9n}\n\~Mj\\Ll J 

Thus, if we have \\{{n)^'^gn}\n\r~.M,\\Li, > ctjE, then we have \\{gn}\n\r~.M,\\Ll ^ Rj where 
Rj := (TjeMf with a := -s + 1 + (^^. With r = 2 + 0, we have a = "^'~^^g+^^ > ^ by 
taking 5 sufficiently close to ^ since —{s — l)r > 1. Then, by taking A > sufficiently small, 

Rj = (TjeMf = CeM^Mf^^ > CeM^Mj . By a direct computation in polar coordinates, 
we have 

Note that, in the inequality, we have dropped the implicit constant cr(S'^*'^l"l'"^^^J ^), a sur- 
face measure of the 2#{|n| ~ Mj} — 1 dimensional unit sphere, since cr{S'^) = 27r 2"/r(^) < 

1. By the change of variable t = M~h, we have s2#{|n|^Af^}-2 < ^4Af^ ^ m'^^'h^^^ . Since 
t > MpPj = CeM^M^+, we have m]^' = e2A^.i°*^. < e^^^^*' and t^M^ < ^^M,t^ fo^. Mq 
sufficiently large. Thus, we have s2#{|n|~A-fj}-2 ^ gjAfjt _ ^^s ^^^ s > Rj. Hence, we have 

(5.14) p{\\{gn}inl^MM > Rj) < C re-\^\ds < e-^«? = e^^^^o^^^^^^l 
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From (|5.13p and ()5.14p . we have 

oo 

PmiA^L^r > e) < ^e-^^^'^o--(2^)-^^ < le 

3 = 1 

by choosing Mq sufficiently large as long as (s — l)r < —1. Hence, the seminorm || • ||j:-Ls,r 
is measurable for (s — l)r < —1. 

The tail estimate ()5.8p is a direct consequence of Fernique's theorem |291 Theorem 3.1]. 

D 

To construct the weighted Wiener measure ^ let us define 

(5.15) R{v) := X{||.||,,<B}e~5^(^) , Rn{v) := R{v^) 

where J\f{v) is the nonlinear part of the energy defined in (j5.2p and at this stage and for 
the remainder of this section v = Pn{v) for some generic function v. In the next section 
v^ will denote the solution to the (FGDNLS) (13. ip as in Section 3. We write 

(5.16) AfNiv) := AA(«^) = Fn{v) + Gn{v) + K^iv), 
where 

(5.17) FNiv) = -Jim I {v^fv^v^dx, 

(5.18) Gn{v) = -^(f\v''\^dxyf\v''\Ux\ 

(5.19) KNiv) = Uf\v^\^dxVlmfv^iv^)dx^+^(f\v''\^dx 

We will construct the measure 

(5.20) dfj. = Z~^R{v)dp, 

for sufficiently small B, as the weak limit of the finite dimensional weighted Wiener measures 
/iTV on M^ "'"^ given by 

dfiN = Z]~/-RN{v)dpN 

(5.21) = Z^ix{||.iV||^,<B}e-|^(''")dp^ 
for suitable normalization Z^r. 

Lemma 5.8. (a) The sequence F/v converges in L^{dp) to 

F(v) = Im / V vvrdx. 

Moreover, for a < |, there exist C,6 > such that for all M > N > 1 and X > 0, we have 

(5.22) p(.\Fm{v) - Fn{v)\ > A) < Ce"*^^"^* 

(b) Let p £ [2, oo). Then, there exist a, C such that for all M > N >\ and X > 0, we have 

(5.23) p{\\PNv\\LPm > A) < Ce-^^' 

(5.24) piWPMV - PNvhnT) > A) < Ce-^^'"^' 



3 
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Proof. Part (a) was proved by Thomann and Tzvetkov in [32] Proposition 3.1. using Propo- 
sition 15.101 below. Note that their proof only uses the fact that v is in the support of the 
measure and is independent of the function space v is in. 

To prove part (b) we first note that for any 2 < p < oo, and N < M, 
(5.25) \\PNv\\L.m < C||P;v^||_^^2_,3^^^ 

(5-26) \\Pnv - Pmv\\lp(j) <Cj^\\PMv\\^^2_^^^^y 

where a = — . Then use (|5.25|) and (j5.26p in conjunction with (|5.8|) to conclude the proof. 
P 

D 

Lemma 5.9. Kn{v) is Cauchy in measure; i.e. for every 7 > and N < M 

lim p{\Km{v) - Kn{v)\ > 27) = 0, 

iV,M-i>oo 
and hence K]\j converges in measure to 

Kiv) = — I / lup dx ) ( Im / vvx I + — 7: 1 / hp dx 

^\Jt J \ Jt J 47r^ VVt 

Before the proof we need the following Proposition 15. 10] (see Thomann and Tzevtkov 
for a proof) and Lemma 15.111 which we prove below. 

Proposition 5.10. Let d>l and c(ni, . . . ,nfc) € C. Let {gn}i<n<d £ A/c(0, 1) he complex 
L^ normalized independent Gaussians. For k > 1 denote by A{k,d) := {{ui, . . . ,nk) G 
{1, . . . , d}*^, ni < • • • < Uk} and 

(5.27) Sk{uj) = y^ c{ni,...,nk)gnii^) ■■■gn,,{oj)- 

A{k,d) 

Then for all d> 1 and p > 2 

ll'S'fcllLp(n) < VA; + l{p- l)'^\\Sk\\L^(n)- 



Let Xj^{v) = Jj 



v^v^. 



Lemma 5.11. For any N < M and e > we have 
(5.28) \Xm{v)\ < N'^Wv 



2e||„,Af||2 

J"L§" 



(5.29) \\XM{v)-XM{v)h4 < ^. 

N2 

(5.30) Moreover, \\Xm{v) - Xn{v)\\l^ < c{q-l)^ for any q > 2. 

N2 

Proof. To prove (j5.28p we use Plancherel and Holder inequality to obtain 
\Xn{v)\ < Yl l"IK(")l' 

|n|<Af 




1 2 

3 / \ 3 



< E i"i"'^'M E (iH^'^i^'^Hi)' ^^''11^' 



r2£|| iV||2 
.\n\<N 
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To prove (|5.29p we start by recalling that v^{(jJ,x) := l^|n|<Af ^7^^™^- Then by 
Plancherel 

Xn\v) = -I- 2^ n ^ and Xm{v) - Xn{v) = -i 2_^ n 



\n\<N ^ ' N<\n\<M ^ ' 



and 



(5.31) \Xm{v)-X^{v)\'= Y. nin, 1^". (^)l^lg»>)l' =, y^ + y^ ^^ + y^ 

N<\ni\,\n2\<M \ i/ \ // 

where 

(|5n,Mp-l)(k.Hp-l) 



(5.32) Y^^M ■■= E 



nin2- 



iV<|n.|,|n,|<M (ni>2(n2)2 

.,,,, ^2 V- (bn,(o;)p-l) + (K(c^)P-l) 

(5.33) yjv,M := 2^ nin2 



N<\n2\,\ni\<M ^^^' ^^'^' 

3 ._ >r^ nin2 



^N,M '■— 2^ 



By symmetry Yfj j^^ = 0. We now observe that 

(5.34) \\Xm{v) - Xn{v)\\1, < \\Yh,M\\h + WInA 



L2- 



We now proceed as in f32], denote by Gn(yj) '■= |5n('^)P — 1 and note that by the indepen- 
dence of g',i(a;) (c.f. ()5.9p ). 

(5.35) E[G„(a;)G„(a;)] = forn 7^ m. 
Since 

\Yn,m\ - 1. nin2n3n4 

N<\n^l\n2l\nzl\ni\<M \ 1/ \ ^/ \ 3/ \ 4/ 

We compute E[|y^^p] and by (j5.35p the only contributions come from (ni = 723 and 
n2 = ni), (ni = n2 and 723 = 7x4) or (77,2 = n^ and 77,1 = 774) . Hence by symmetry and using 
that the fourth moment of the Gaussian gn{^) are bounded we have 

22 1 

(5.36) ll^iv,Mlli2 = -^[l^iv,A/l^] ^C 2_, i^\\(l\4. ~ 772- 

A''<|ni|,|7i2|<M 

On the other hand, since 

("711 + "n2)("7i3 + ^m) 



|xa2 |2 _ 'Sp 



77x712713714- 



N<\n^l\n2\,\n3\,\rn\<M ^^^' ^^^' ^^^' ^""^^ 

by symmetry it is enough to consider a single term of the form 

?7ir),2?73?74- 



^ (n-i)^ (no)^ (n-i)'^ (nA)'^ ' 
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with 1 < i 7^ A; < 4, which we set without any loss of generahty to he j = 1, k = 3. We 
then have 

||>-2 ||2 _ pr|v2 |2i < ^ V^ nfn2n4 _ 

7V<|ni|,|n2|>4|<M \ -1/ \ -:/ \ 4/ 

by symmetry. From (j5.34p and (j5.36p we obtain (j5.29p as desired. 
To prove (j5.30p we use (|5.3ip to define 

(5.37) SmMv) ■■= \XMiv) - Xr,{v)\' = V nm^^^^^J^^^^ 

N<\ni\,\n2\<M \ if \ zf 

which fits the framework of ()5.27p in Proposition 15.101 with k = 4. Then it foUows that for 
any p > 2 

(5.38) \\Sm,n{v)\\lp < {p-lf\\SMMv)\\L^ = {p-inXM{v)-XN{v\\l, < (p- 1)'^- 
On the other if we set q = 2p, then by ()5.38p we have that 

\\Xm{v) - Xr,{v)\\L. = \\Sm,n{v)\\1 <{q- 1)^, 

hence (|5.30p for g > 4. FinaUy, Holder's inequality gives the ()5.30p for 2 < g < 4. 

D 

Proof of Lemma \5. 9[ Let us denote Mj\[{v) := JjIvnI"^ dx. Up to absolute constants we 
write 

(5.39) pi\KMiv)-KNiv)\>2^) < p{\XMiv)MMiv) - XNiv)MN{v)\ > j) 

+ p{\MMivf-MN{vf\>j). 
Then 
pi\XM{v)MMiv) - XNiv)MN{v)\ > 7) < pi\XM{v) - Xn{v)\ Mm{v) > |) 

+ p(\Mm(v) - Mn{v)\ \Xn{v)\ >^) = h+ h. 

Let A > to be determined. Then by ([OS]) . (15:81) and ([OG]) with p = 2, a = i-, we have 
that 

h < p{\Xn{v)\ > A) + p{\Mm{v) - Mn{v)\ > ^A-i) 

< e-^^'^^+p(||.^-.^^||^.>^A-i) 

< g-cAAr-2- j^g-c-,^BN^-\-\ 

12' 1 _ 4e _ 

By setting A = Ns+t" we have that h < e^"'''''^^ ^ . 
To estimate Ii we first note that 

(5.40) Mm{v) < \\v\\l2 < B^. 
Then by (j5.30p and Tchebishev's inequalit}0 we have that 

(5.41) h < p{\Xm{v) - X,,{v)\ >j^)< e-^-^^^. 



^C.f. Lemma 4.5 in \M- 
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To estimate the second term of (j5.39p . we use (j5.40p to obtain 

p{\MM{vf - MN{vf\ > 7) < p{\Mm{v) - Mn{v)\ >cbi)< e"^^^'^'" 

by arguing as in the estimate for I2 above. 

D 

Lemma 5.12. Rj\[{v) converges in measure to R{v). 

Proof. If ||P/vw||j;^2 < B for all N £ N, then we have 11^11^2 < B. Then, by continuity from 
above, we have, for 6 £ (0, 1), 



lini^p({t;; |X{||.^||^2<B} " X{\\v\\^,<B}\ > S}) 






= hm p{\\v''\\l2<B)-p{\\v\\l2<B) 

N^OQ 

00 

= p(n {\\v''\\L^<B})-p{\\vh.<B) = 0. 

N=l 

Thus, X{||i)JV|| 2<B} converges to X{\\v\\ 2<b} ™ measure. By Lemma \5M (a) . F/v converges 
to F in measure and by Lemma [531 -f^A^ converges to K in measure. 

Lastly, we consider G]\f{v) and show it is Cauchy in measure provided 11^11^2 < B. 
Assume N < M then, 

ATTGNiv) - 47tGm{v) =([ \v^'f - \v^\^ dx) ( f \v^ \' dx\ + (j |t;^|2 dx\ ( f |z;^|4 - j^^j^ dx 

^ II M All II M||4 , II Af||2 III Af||4 n Af||4 I 

^ CB \\V —V \\L^\\V \\]^4, -T \\V 11^2 \\\V \\l^4, — \\V 1 1 £^4 I 



(5.42) < Cb 

Fix any 7 > 0; then 



^,M 0,^11 IU,A^I|4 iQfW^MwS I IU,Af||3 \ |U,M ,,A|| 

V -V \\l2\\V \\^4+'i[\\V \\l4 + \\V 11^4)11^ -V 11^4 



p{\A7TGM{v)-AnGN{v)\>j) < pi\\v^^-v''\\Uv^^\\i,>^) 

+ p(i\\v^\\h + \\v''\\h)\\v^-v''h.> ^ 



6Cb 
To treat the first term we write 

piWv^'^ - ^;^||,2||.*^||i4 > ^) < P(ll-^ - y'^h^ > A"^^) + Pdl-^lli^ > A) 

for some A > to be determined. We use ()5.24p with a = ^— corresponding to p = 2 and 
(fOHD to get that 

p{\\v^ - v^\\l2 > cbjX-') < e-'=fl^'^'"^"' 

and 

pi\\v^'h^>xh<e-^'\ 

1 _ 2 2 4 

A decay of e"'^sAH 7^ follows by setting A = iVs-^s. 
For the second term write 
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P\\\v''-v''h.{\\v^\\l + \\v^\\%)> ^ 



< p{\\v^ - V^'h, > CBjX-') + piWv^'h^ > Ci A3) + p{\\v^\\l^ > C2A^) 



1 1 



3 3 



since a = 4— when p = 4 in (|5.24|) . A decay of e '^bN's -y^ follows by setting X = Nie 74 

Thus, Gn{v) converges to G{v) in measure and hence, by composition and multiplication 
of continuous functions, R]\f{v) converges to R{v) in measure. D 

The following proposition shows that the weight R{v) is indeed integrable with respect 
to the Wiener measure p. 

Proposition 5.13. (a) For sufficiently small B > 0, we have R{v) G Lp'{dp). In particular, 
the weighted Wiener measure p is a probability measure, absolutely continuous with respect 
to the Wiener measure p. 

(b) We have the following tail estimate. Let 2 < r < 00 and (s — l)r < —1; then there 
exists a constant c such that 



(5.43) KIHtl'-^ >K)<e 



-cK^ 



for sufficiently large K > 0. 

(c) The finite dimensional weighted Wiener measure pM in (|5.2ip converges weakly to p. 



Proof, (a) By Holder inequality, we have 

' R%{v)dp{v) < Cslyj X{\\.M\\^,<B}e-'"^^^''"^"^^'''dp{v) 
X (/X{||..||,,<^}el^(/I''^l^'^^'),,(,) ^ 



/ 



^{\\^^\\l2<b}^ "^ ^ ' ■'^ "^ dp[v 



It follows from Lemma 3.10 in [3] (see also |3D]) that the second factor is finite for any 
-B > 0, whereas it was shown in [42^ Proposition 4.2] that the first factor is finite for 
sufficiently small B > 0. For the third factor we proceed as in the proof of [42j Proposition 
4.2. In what follows we always implicitly assume that ||vAr||2,2 < B. If we define 

then we need to show that 

(5.44) / 7V(A,iv) d^, 

Jo 

is convergent uniformly with respect to A^ for B > small enough. Let Nq = ln7 and 
assume first that N < Nq < -^Iwj, for B small enough. We first observe that 



M7v(v)Im {v^v^)dx 



<CB'\\d^{v''y\\Lo.^jy 
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We also note that 
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(5.45) 



/'(A, 



N, 



< 



MNiv)Im I {v^v^)dx 



>Cln7 



and combining (j5.45|) and (j5.44p with Proposition 4.1 in [42J, we can continue with 



■ln7 --Sy 



and the convergence of ()5.44p fohows from taking B smah enough. 

Assume now that N > Nq = In 7 then we observe that A-^^tv C -B^^at U C^^n where 

vr 



B^^N := {\Xn,{v)\ > 



12^2 



In 7}, 



C^^N := {\Xn - XNoiv)\ > 



IT 



12fi2 



In 7}. 



c 



We first observe that from the argument above 

p{B^,n) < p{\\dAv'''f\\L^(T) > CB-Hnj) < Y 
On the other hand from ()5.4ip and the fact that A^ > ln7 we have that 

for any L > 1 and an appropriate constant Cb,l depending on B and L. From here again 
the convergence of (j5.44p follows. 

Hence we have that R]\j{v) G L^{dp) for sufficiently small -B > 0, independent of N. 
Then, by Lemma 15.121 and Fatou's lemma, we obtain R{v) G L?'{dp). 

(b) By Cauchy-Schwarz inequality, we have 



X{\\v\\:,Ls.r>K}dp < \\Riv)\\L^dp){pi\\v\\TL''^r > K)} 



Then, ()5.43p follows from ([57 
(c) Let us define 



(5.46) 



?^ := M {F ; F = G{v-m-, ■ ■ ■ ■, vm), G bounded and continuous} 



M 



Note this is a dense set in L^{FL^''^ ,p) with 2 < r < 00 and (s — l)r < —1. Fix F ^ 'H, 
then F depends on M finitely many modes, for some M. Fix e > 0. Then, for N > M, we 
have 

F{v)dpN - I F{v)dp 



{\RN(v)~R(v)\<e} 
+ 



F{v){Rn{v) - R{v))dp 

< I F{v){RN{v)-Riv))dp 
I F{v){RN{v)-R{v))dp 

'{\RN{v)-R{v)\>e} 

< esup |F| + sup |F| \\Rn(.v) - R{v)\\L2^dp){p{\RN(.v) - R{v)\ > e)} 



From the proof of Proposition 15.131 we have \\Rj\[iv) — Riv)\\ ^2 (^dp) ^ ll-RAf(^)llL2(dp) + 
||i?(u)||i2(rfp) < C < 00 for ah A^. By Lemma [5T2| p{\Rn{v) - R{v)\ > e) -?- as n -?- 00. 
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Now, let F be a general bounded continuous function on J^L^''^ with 2 < r < oo and 
{s — l)r < —1. Let Fm denote its restriction on Em, i-e. Fm{v) = F{v'^'^) where v^^ = Pmv. 
By Cauchy-Schwarz inequality, we have 



(5.47) 



F{v)df, - / FM{v)dfi 



{F{v)-F{v^))R{v)dp 



1 
<\\R{v)\\m,p)[ l\F{v)-F{v'')\'dp'" 



By continuity of F, given e > 0, there exists (5 > such that 

^Mv\\jrLs,r = \\V -V^Wj^L 



PMv\\TL^,r = \\v - v^lTTs.r <5 ^ \F(v) - F(v^^)\ < e. 



Then, the contribution in (|5.47|) from { i" ; ||-Pj^t'||j^L=>'' < ^} is at most e\\R{v)\\i^2Ui^\. 
Without loss of generality, assume 5 < e^ . By the measurability of the J^L*'^-norm (see 
Definition I5.3p . the contribution in (j5.47p from {v ; ||-Pm^^||j'L^.'- > 5} is at most 



2sup|FH|i?(i')||i2(,p){/5(||P>bL.,. > 5)Y 

< 2sup|F| • \\R{v)\\L2^dp) S'^ < 2sup|F| • \\R{v)\\L2^dp) e 

for sufficiently large M. A similar argument can be used to show \ j F{v)dp]\j — 
J FM{v)dfiN\ < C{f,R)e, independent of A^. Hence, fiN converges weakly to /x. D 

Remark 5.14. A tail estimate similar to (j5.43p holds for the finite dimensional weighted 
Wiener measure hn; i.e. we have 

(5.48) m{\\v''\\TL^,r>K)<e-'''\ 

where the constant is independent of N. 



Remark 5.15. The measure p^ is not absolutely continuous with respect to /iat but its 
restriction on {||f^||/^2 < B}, i.e., pN = Z^ X{\\v^\\ 2<b}Pn is absolutely continuous with 
respect to /ijv ^-nd from (|5.2ip . we have that 

(5.49) |f-^^ = ^^^X{||..||,,<B}el^("^) 

for suitable renormalization Zjy. Since J\f{v ) does not have a definite sign Lemma 15.81 
Lemma 15.121 and part (a) of Proposition 15.131 hold for Rj\f and its corresponding limit R. 
In particular, for sufficiently small B, R]\f G Lp'{dp) for all N with bound independent of 
N . The latter fact will be used in the proof of Proposition 16.21 in Section 6. 



Remark 5.16. Given any p < oo, one can prove R{v) G U'{dp) for sufficiently small 
B < B{p). However, B{p) — )• as p — >• c«. i.e. there is no uniform lower bound on the size 
of the L^-cutoff. For our purpose, the integrability with p = 2 suffices. 
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6. Almost sure well-posedness of FGDNLS and invariance of the measure 

In order to prove the global well-posedness of /i-almost all solution of (FGDNLS) ()3.ip 
we fix once again 5=3— and r = 3 so that we have at our disposal the local well posedness 
result in J^L*'*", that the measure is supported on TL^'"^ and also the energy growth estimates 
in Theorem 14.21 as explained in Remark 14.31 

We first use the almost invariance of the finite-dimensional measure [Xjq under the flow 
of the truncated equation (13. ip to control the growth of solutions. 

Lemma 6.1. For any given T > and e > there exists an integer Nq = NQ{T,e) and 
sets Qn = f^Af (e, T) C M''^+2 such that for N > Nq 



(a) UN {^n) > 1 - e ■ 



(b) For any initial condition Vq G Qj\f, (FGDNLS) ()3.ip is well-posed on [—T,T] and its 
solution V (t) satisfies the bound 



sup |b^(t)||._,3< flog 

|t|<T -^^^ \ 



1 



|t|<T ■'^■' \ £ 

Proof. It is enough to consider t £ [0,T], the argument is similar for t £ [—T, 0]. We set 
Cn{K,B) := {w"" G ]R4^+2 : \\w^\\^^2_^, <K, \\w^\\l2 < b] . 

If the initial condition v^ € Cn{K,B) then (FGDNLS) dM]) is locally well-posed on 
the time interval of length 6 ~ K~^ by Theorem 13.21 , where 7 > is independent of 
N. Furthermore, if ^n is given by (j5.2ip . then for sufficiently large K we have that 
I^n{Cn{K, BY) < e''^^ for some constant c which is independent of N by ()5.48p . 
Let ^N{t) the flow map of (f3TT]) . We define Vt^ by 



^N ■■= < : ^7v(j5)«) G Cn{K,B) ,j = 0, 1, 



IT] 



(6.1) 



n<l>N{-k5){CNiB,KY 



Note that 0^ = IJfe=o ^k 1 where 

Dk = {v^ ; k = mm{j : <^NiJ5){v^) G C7^(i^,i?)^}} , 

f]<i>Ni-jS)CNiK,B)) 

One verifies easily that the sets D^ satisfy 

(6.2) Do = CN{K,By, Dk = CN{K,B)r\^N{-5){Dk-i). 

By Lemma H?T1 the Lebesgue measure d//^ = Y\\n\<N '^'^ndhn is invariant under the flow 
^N{t) (i.e. for any / G L^{dii%) we have / / o $jv(t)d/x^ = / fdii%). 

Using the energy growth estimate! in Theorem 14.21 and the invariance of the L^ norm 
m{v) = ■^\\v\\i2 under <l>Ar(t) (i.e. mo <l>Ar(t) = m for all t; see Remark l3.ip we have for 



Without loss of generality we assume niax(i(' , K ) = K in Theorem 14.2 
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any set A C M4^+2 

^^N{CN{K,B)r\A) = ^^W X{Cjv(i^,B)nA}X{m<27rB2}e"2^-'^'^C?^0, 



(6.3) = / X{^^iS)(c^iK,B)nA)}e-'-^^'°'''''^-'^-'^df, 



N 



< e'=W^-^^Viv($^(<^)(A)). 



Applying (fO]) to (fOj) with A = $Ar(-(5)(Dfc_i) and iterating in fc G {0, . . . [j]}, we 
obtain 

and thus 

(6.4) 



for N > No{T, K). By choosing K ~ ( log — ) ^ , we have ^Ar(il^) < e as desired. 

Finally, by construction, we have ||^^ (j<J)|| 2_3 < K for j = 0, • • • , [-j-] and by the 



^JiN{DK) < e^W^-'^V7v(I?/.-i) 


< 


„fcc{5)Ar-'3_ft:8^-cA'2 


A;=0 

^ 1 




e-^^ ^ Ti^^e-^^' 



local theory, we have 



sup \\v^{t)\\ 2 ,<2K^ flog-^' 

0<t<T ■''^■^ V ^, 



D 



Combining Lemma l6.ll with the approximation Lemma 13.31 we can now prove a similar 
result for the solution of the initial value problem (GDNLS) (|2.8p . 

Proposition 6.2. For any given T > and e > there exists a set Q(e,T) such that 

(a)/x(Q(e,r)) > 1-e. 

(b) For any initial condition vq G ^{£,T) the initial value problem (GDNLS) (|2.8p is well- 
posed on [— T, T] with the bound 

sup ||w(t)|| 2 3 < ( log- ) . 
|t|<r -^^ \ ^/ 

Proof. Let i^j^ = il.N(e,T) be the set given in Lemma l6. II for N > NQ{e,T). This set is 
defined in terms of /C ~ (log — ) and for that same K we define the set 

Qn ■■= ^n{£,T) := ^vo G TLTi-'^ : ||?;o||_^^2__3 <K, PnVq £ ^In] 
If Vq G Qn then by Lemma 16.11 we have 
(6.5) sup\\<^Nit)iPNVo)\\^2<2K. 

t<T -^^ 

On the other hand for vq G ^n the local well posedness theorem in [22] gives a 5 > and 
a solution v{t) of (GDNLS) (gS]) for |t| < 5. 
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By (|3.9p in the proof of the Lemma 13.3^ with K in place of A, we obtain that for every 
si<|- 

\\v{5)-v''mTLn.^<KN^'-l+. 

By choosing a larger A^o if necessary, so that [-j-] KN^'^~s^ ^ 1 for N > Nq we can repeat 
this argument [-j] times over the intervals [j6, {j + l)S],j = 0, 1, . . . , [j] — 1 and obtain 

(6.6) \\v{j6)-v''{j6)yLn,^<l. 
Then from (|6.5p and (j6.6p we conclude 

\\v{t)\U^,.3<{2K + l)^l^log'^^" 

and since the right hand side is independent of si < g— we obtained the desired estimate. 
To estimate ij,{0,j\[) note first that 

(6.7) nif C {vo G -FLi-'3 : \\vo\\^^2_^, > k} U {vq G -FL§-'3 : P^vq G f^^} 

The first set on the right hand side of (j6.7p has /x measure less than e by the tail bound in 
Proposition [5T3l The set F^r = Ivq (^ TL^~'^ ; P/v^o G 0^ > is a cylinder set and we have 

Fat n En = ^% (recah En = span{e*"'^}|„|<7v)- Thus p{Fn) = pn{Fn) = Pn{^%)- On the 
other hand, recall that n <^ p and that, pN the restriction of pat to the ball {||t''^||j;^2 < B} is 
absolutely continuous with respect to p.N (see Remark I5.15P . Then using Cauchy-Schwarz 
repeatedly we obtain 



p{Fn) < i R^dpj i I X{\\v'^\\^2<B}dpN\ 
< ( [ R^dp] ' ( [ R%dpN] ' PNm)'^ 




.2.„r^ /5__.„__^^.__,..„ 



(6.8) < U R'dpj U RNdpNJ Pn{^n) 

where Rn is as defined in Remark 15.151 and where in the last inequality we have used that 
by definition KJ^Rn = Rn- 

By relying on Lemma [5.12l Proposition 15. 13] and Remark l5.15l we can bound the first two 
terms in (j6.8p by a constant independent of N. This combined with Lemma [6.11 allows us to 
conclude that there exist a constant d > and Ni{e,T) such that h{Fn) < de for A^ > A^i. 
So for A^ > max (A^'o, A''i), any set Q{e,T) := ClNi£,T) satisfies the desired hypothesis. D 

Theorem 6.3 (Almost sure global well-posedness). There exists a subset (7 of the space 
TL^i~'^ with /i(r2^) = such that for every uq G $7 the initial value problem (GDNLS) (|2.8p 
with initial data vq is globally well-posed. 

Proof. Fix an arbitrary T and let e = 2^*. Using the sets given in Proposition 16.21 we set 

(6.9) n{T):=\Jn{2-\T). 

i 

If Vq G ^(T) then the initial value problem (GDNLS) (j2.8p is well-posed up to time T. 
Since p{i^{T)) > 1 — 2^' for any i G N, the set ^{T) has full measure. 
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Finally by taking T := 2^ the set 

(6.10) 17 = Pi (7(2^) 

j 
has also full measure and if wq S ri then the initial value problem (GDNLS) (I2.8p is globally 
well-posed. D 

Remark 6.4. We note that by slightly modifying the proof of Theorem 16. 31 above we could 
also derive a logarithmic bound in time on solutions similar to the one in [3] and p,2j. 

Now that we have a well-defined fiow on the measure space (J^Ls"'^,^) we show that // 
is invariant under the flow $(t), following the argument in [38j. 

Theorem 6.5. The measure jjl is invariant under the flow $(t). 

Proof. Let us consider the measure space {FL^~' ,^). We need to show that for any mea- 
surable A we have /i(A) = ^{^{—t){A)) for all t G M. Note that by the group property of the 
flow without loss of generality we can assume that \t\ < 5. An equivalent characterization 

of invariance is that for all F G L}{FLi~' ,^) we have 



(6.11) 



F{^{t){v))diJi 



F{v)diJL. 



By an elementary approximation argument it is enough to show ()6.1ip for F in a dense set 
in L^{FL^~' , ji) which we choose as in ()5.46p to be 

T^ '■= \\ {F : F = G{v-M, • • • ,vm), G bounded and continuous} . 



M 



For F £ Ti let us choose an arbitrary e > and assume N > M. By Proposition [5TT3] /^tv 
converges weakly to /i and thus 



(6.12) 



Fdfi - / Fdfi 



IN 



+ 



Fo(^{t)dfi- / Fo$(t)(i/x 



IN 



< e. 



Let ^N{t) be the flow map for FGDNLS (j3.ip . For si < 3—, by the Lemma [3.31 we have 
that ||<I>(t)(f) — ^N{t){v)\\jr^3i,3 converges to uniformly on {v ; ||f || 2.3 < K}. Using 

(uniformly in N) and the continuity of F 



the tail estimate /XAr(||f || 2,3 > K) < e 
in TL^^'^ we obtain 



-cK^ 



(6.13) 



/ F o '^{t)dnN - Fo (^N{t)d^iN 



< 2IIFII 



,e-'^' + e < 3e 



for large enough K and A^. 

Finally using again the tail estimate for hn, the invariance of Lebesgue measure under 
$Ar(t) and the energy estimate given in Theorem 14.21 we obtain 



Fo^N{t)dfiN - / FdfiN 



^ oil TT'll c-C-ft"^ I 



F 



T-13 1^8 



,<K} 



-i(£-o*jv(-t)-£) _ 1 



dfi 



'N 



(6.14) < 2e + \\F\\l^ (e^W^-^i^« - l) < 36 , 

for sufficiently large N. By combining (I6.12p . (I6.13p . and (I6.14p we obtain invariance. D 



INVARIANT WEIGHTED WIENER MEASURE AND A.S. GWP FOR DNLS 49 

7. The ungauged DNLS equation 

Recall that if u{t,x) is a solution of DNLS (12. ip then w{t,x) = G{u{t,x)) where 
G{f){x) = exp(-iJ(/)) fix) (see dlZD) is a solution of 

(7.1) wt — iwxx — 2m{w)wx = —w Wx + -\w\ w — iip{w)w — im{w)\w\ w 

with initial data t(;(0) = G{u{0)). Furthermore v{t,x) = w{t,x — 2tm(w)) is a solution of 
(fZHj) with initial condition v{0) = w{0). If $(t) denotes the flow map for GDNLS (US]), let 
^{t) denote the flow map of (j7.ip and let ^(t) denote the flow map of (j2.ip . 
Clearly we have the relation 

(7.2) ^{t) = G-^o^t)oG. 

To elucidate the relation between $(t) and $(t) let Ta{s) denote the action of the group 
of spatial translations on functions, i.e., {Ta{s)w){x) := u;(x — as). We define a state 
dependent translation 

{T{s)w){x) := (,T2ra(u,){s)w){x) = w{x - 2 s m{w)) . 

Note the H^, L^ and J^L^'^ norms are all invariant under this transformation. Furthermore 
we have 

v{t,x) := {T{t)w){t,x). 

Since m is preserved under G, T{s) and both flows ^(t) and ^(t) we have the relation 

(7.3) $(t) = r(t)$(t) = $(t)r(t), 

in particular <l>(t) and T{t) commute. 

Finally if // is a measure on Q as in Theorem 16.31 and (p : i} ^ i} is a measurable map 
then we define the measure u = fio ip~^ by 

u{A) := fi{f-\A)) = fi{{x ; <f{x) G A}) . 

for all measurable sets A or equivalently by 



Fdi' = / F o {fdfi 

for integrable F. 

Consider the measure defined by 

(7.4) v:=^oG. 

Since the measure /i constructed in Proposition 15.131 is invariant under the flow <I>(t) we 
show that the flow ^{t) for DNLS is well defined v almost surely and that v is invariant 
under the flow ^{t). 

Theorem 7.1 (Almost sure global well-posedness for DNLS). There exists a subset S of 
the space FL^~' with i'{Ti'^) = such that for every mq S S the IVP (DNLS) (j2.ip with 
initial data uq is globally well-posed. 

Proof. Let il be the set of full /i measure given in Theorem 16.31 and let S = G^^{^). 
Note that S is a set of full z^-measure by ([73]). For vq £ 9. the IVP (GDNLS) dMD 
with initial data vq is globally well-posed. Hence since the map Q : C([— T, T]; J^L*'*^') — )■ 
C([-r,T]; J'L"''') is a homeomorphism if s > ^ - i when 2 < r < oo the IVP (DNLS) dHJ 
with initial data uq = G~^{vq) is also globally well-posed. 

D 



50 NAHMOD, OH, REY-BELLET, AND STAFFILANI 

Finally we show that the measure v is invariant under the flow map of DNLS (|2.ip . 

Theorem 7.2. The measure v = jjlo G is invariant under the flow ^{t). 

Proof. First we note that the measure fi is invariant under T{t). The density of fi with 
respect to p is R{v), see (IS.lSp . and it is verified easily that Ro T(t) = R. Furthermore one 
also verifies easily that the finite-dimensional measures pN are also invariant under T(t). 
As a consequence since p, is invariant under <I>(t) by Theorem 16.51 then p is also invariant 
under $(t) because of (j7.3p . Finally i/ is invariant under ^{t) since by (j7.2p 



j Fo^{t)dv = j FoG-^o^{t)oGdpoG = I FoG-^o^{t)dp = j FoG'^dp = f Fdu. 
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